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Abstract. A constructive procedure is proposed for formulation of linear differential equa- 
tions invariant under global symmetry transformations forming a semi-simple Lie algebra f. 
Under certain conditions f-invariant systems of differential equations are shown to be asso- 
ciated with f-modules that are integrable with respect to some parabolic subalgebra of f. 
The suggested construction is motivated by the unfolded formulation of dynamical equations 
developed in the higher spin gauge theory and provides a starting point for generalization to 
the nonlinear case. It is applied to the conformal algebra o(M, 2) to classify all linear confor- 
mally invariant differential equations in Minkowski space. Numerous examples of conformal 
equations are discussed from this perspective. 
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shaynkman, tipunin, and vasiliev 
1. Background and Introduction 



In this paper we apply a method of the analysis of dynamical systems called unfolded 
formulation to classify all conformally invariant linear differential equations in any space- 
time dimension M > 2. This method, suggested originally for the analysis of higher spin 
dynamical systems proved to be useful for the analysis of problems of deformation 

quantization [71 |H] ■ 

Unfolded formulation of a system of partial differential equations in a space-time with 
coordinates x"^ (m = 0, . . . M — 1) consists of its reformulation in the first-order form with 
respect to all coordinates. As such, it is a generalization of the first-order form of ordinary 
(z.e M = 1) differential equations = G^q). More precisely, unfolded equations have the 
form 



dU'^ix) =G''{U{x)). (1.1) 

Here d = ^^-q§^ is the exterior differential^. U^{x) denotes a set of variables being differential 
forms (i.e., polynomials in ^'^). The condition 

G>W,.M)^0 (1.2) 

is imposed on G^{U{x)) to guarantee that the system is formally consistent. (It is assumed 
that only wedge products of differential forms appear in (jl.lll and ()1.2j) . i.e. G^{U{x)) is a 
polynomial of U^{x) containing no derivatives in ^"^ and x"^.) 

In the case of ordinary differential equations the variables g*(t) taken at any t = to provide 
a full set of initial data. For an M > 1 unfolded field-theoretical system the knowledge 
of the fields U{x) at any = also reconstructs U{x) in some neighborhood of x]^. 
Therefore, to unfold a field-theoretical system with infinitely many degrees of freedom it is 
necessary to introduce infinitely many auxiliary fields. The latter identify with all derivatives 
of dynamical fields {i.e. with infinitely many generalized momenta). 

Unfolded formulation, which is available for any dynamical system, has a number of prop- 
erties proved to be useful for the analysis of various aspects of linear and nonlinear dynamics 
(see jH] for a recent review). The property of the unfolded formulation which is of particular 
importance for the analysis of this paper is that it makes symmetries of a model manifest. In 
particular, unfolded formulation of any dynamical system possessing one or another linearly 
realized global symmetry g is formulated in terms of some (yf-module. This simple observa- 
tion makes it trivial to list unfolded dynamical systems of a given symmetry. The nontrivial 
part of the problem is to single out nontrivial dynamical systems in this list that result 



-"^Throughout this paper we use the notation ^"^ for the basis 1-forms conventionaUy denoted da;*^ 
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from unfolding of certain differential equations. (Note that, generally, unfolded equations 
may describe an infinite set of constraints with no differential equations among them.) As 
we show in this paper, nontrivial (yf-invariant differential equations are associated with the 
unfolded equations based on (yf-modules resulting from factorization of generalized Verma 
5f-modules over singular submodules. Our scheme is quite general and can be applied to the 
analysis of various dynamical systems. In this paper we apply this analysis to classification 
of conformally invariant linear differential equations. 

Let us now analyze relevant properties of unfolded equations more carefully. Due to (jl.2j) 
the system (jl.ll) is invariant under the gauge transformations 

6U^{x) = de^{x)+e\x)A^-^^^, (1.3) 

where the gauge parameters e^{x) are arbitrary functions of the coordinates x™. Let 
Lu'^i^x) = C,"^u:^{x) be the set of 1-forms in U^{x). The requirement that the restriction 
G^{U{x)) = —G^qUJ^{x) a u'-'^x) to the sector of 1-forms u^{x) is compatible with 

()1.2|1 implies that G"^(j satisfy (super) Jacobi identities thus being structure coefficients of 
some Lie (super) algebra^ f). As a result, the restriction of equation ()1.1|1 to the sector of 
1-forms amounts to the flatness condition on u'^^x). In higher spin theories, f) is some infinite 
dimensional higher spin symmetry algebra ^0]- [SUHIE]; which contains one or another 
finite dimensional space-time symmetry subalgebra f. For example, f = o(n, 2) appears 
either as anti-de Sitter (ra = M — 1) or as conformal (n = M) algebra in M dimensions. 

Let u!q{x) be a fixed 1-form taking values in f, i.e. uJq{x) = co'o(x)ej, where Cj is a basis in 
f. Equation ()1.1|1 for U^{x) = uJq{x) is equivalent to the zero curvature condition 

diui,ix)+ujiix)Auj',ix)fi, = 0, (1.4) 

where /j^ are structure coefficients of f. For f isomorphic to Poincare algebra, uJq{x) is 
usually identified with the fiat space gravitational field with co-frame and Lorentz connection 
corresponding to generators of translations Vn and Lorentz rotations Cmn, respectively. The 
components of the co-frame part of the connection are required to form a non-degenerate 
M X M matrix in which case we call connection non-degenerate. For example, Minkowski 
space-time in Cartesian coordinates is described by zero Lorentz connection and co-frame 
^"Pn so that the components of the co-frame 1-form e„™ = 6^^ form a non-degenerate matrix. 
The freedom in the choice of a non-degenerate uJq{x) encodes the coordinate choice ambiguity. 
One can analyse equation p.lj) perturbatively by setting 

U''{x)=u;^{x) + U^{x), (1.5) 



^To introduce superalgebraic structure it is enough to let the 1-forms uj^{x), which correspond to the 
even(odd) elements of superalgebra I), be Grassmann even(odd). 
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where Ui{x) describes first-order fields (fluctuations), while uJq{x) is zero-order. Let |$^(x))^ 
be the subset of p-forms contained in f/^(x) (we use Dirac ket notation for the future conve- 
nience). The linearized part of equations associated with the p-forms reduces to some 
equations of the form 

D\^P(x))^ = 0, (1.6) 

with 

D|$P(x))'' = {d6l + ujlix)U\Wix))\ (1.7) 

The identity p.2|l implies that the matrices ti^x form a representation of f (i.e. [tj , tk] = 
2/j^ti). Let OJl be the f-module associated with \^p{x))^, i.e. |$^(x))'^ be a section of the 
trivial bundle B = DJlx M.'^'^ with the fiber DJl and the M-dimensional Minkowski base space 
M^. The covariant derivative D ()1.7|) in B is flat, 

DD = (1.8) 

as a consequence of ()1.4|1 . 

Let the associative algebra A<xfi be the quotient of the universal enveloping algebra of f 
over the ideal AnniTl) that annihilates the representation Tl, i.e. = U (f) / Ann(Vyt) . Let 
Ej be a basis of Agjt and Tj^x be the representation of A^xn induced from the representation 
ti'^x- If ^o{x)ei satisfying equation ()1.4|) is (locally) represented in a pure gauge form 

4(x)ei = g{x)dg~\x) (1.9) 

with an invertible element g{x) = g\x)Ej G the generic local solution of equation ()1.6p 
gets the form 

(x))^ = g\x)Tr\\^^ ixo))\ (1.10) 
We see that |$^(xo))'^ plays a role of initial data for equation ()l.fi|l . fixing |$^(x))'^ in a 

neighborhood e{xo) of a point Xq such that g{xo) = 1. As a result, solutions of equation ()1.6p 
are parameterized by elements of the f-module DJl. If the f-module DJl is finite dimensional, 
we will call the corresponding equation ()1.6|1 topological because it describes at most dim(97l) 
degrees of freedom. 

The system (II. 4j) . p.fij) is invariant under the gauge transformations (jl.Hj) 

6u;},{x) = de\x) - 2e^ {x)uj',{x)f;, , (1.11) 
6\^^ix))''^ = d|£(x))'' - {-iyui,ix)U\\eix))^ - e^(x)t,M$P(x))^ , (1.12) 

where the (p — l)-form \6{x))^ and 0-form e^{x) are infinitesimal gauge sjTumetry parameters. 
(Note that if p = then \e{x))'^ = 0.) Any fixed solution uJq{x) of equation ()1.4|) (called 
vacuum solution) breaks the local f (super) symmetry associated with e*(x) to its stability 
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subalgebra with the infinitesimal parameter eQ(x) satisfying equation 

del{x)-2ei{xP',{x)f;, = 0. (1.13) 

This equation is consistent due to the zero curvature equation ()1.4|) . and its generic (local) 
solution is parameterized by the values of eQ(xo), 

el{x)e^ = el{xo)g{x)eig'^{x) . (1.14) 

The leftover global symmetry 

Smx)r = el{xo)[g{x)Ug-\x))\mx))\ ^^(x) = (1.15) 

with the symmetry parameters eo(a;o) forms the Lie (super) algebra f. From the Poincare 
lemma it follows that the gauge symmetries ()1.12j) of |$^(x))'' associated with the parameters 
\e{x))^, which are p — 1 > forms, do not give rise to additional global symmetries of ()1.4|) 
and (jl.6|) in the topologically trivial situation. 

In fact, equations ()1.4|) and ()1.6p have a larger symmetry g<xfi D f manifest. Let g<xn be the 
Lie (super) algebra built from A(xfi via (super) commutators. One can extend ()1.4p and ()1.6p 
to 

dw^x) +w\x)w^{x)h^jK = 0, (1.16) 
Dl^Pix))" = id5l + w\x)Ti\)\^P{x))^ = , (1.17) 

where ^"^w^{x) are the gauge fields of Q<m, and hjj^ are the structure coefficients of Qm- The 
system p.l6|) . p.l7|) is consistent in the sense of ()1.2|) and has global symmetry Qtxn any 
w\x), which solves ()1.16p . Since f is canonically embedded into g^n, setting w\x)Ej = 
LjQ{x)ei one recovers the system p.4j) . p.fjj) thus proving invariance of the system ()1.4|1 . (jl.fij) 
under the infinite dimensional global symmetry Q^xn- Infinite dimensional symmetries of this 
class appear in the field-theoretical models as higher spin symmetries. 

This approach is universal: any system of f-invariant linear differential equations can be 
reformulated in the form ()1.4|1 . p.C-jj) by introducing auxiliary variables associated with the 
appropriate (usually infinite dimensional) f-module 3Jl [TH] (also see examples below). As 
a result, classification of f-invariant linear systems of differential equations is equivalent to 
classification of f-modules DJl of an appropriate class. More precisely, let f, C f and 
DJl be, respectively, some semi-simple Lie algebra, its parabolic subalgebra and f-module 
integrable with respect to (for necessary definitions see section E)). We show that, for 
a non-degenerate flat connection 1-form uJq{x), the covariant constancy equation ()1.6p on a 
p-form |$P(x))'^ taking values in dJl encodes an f-invariant system of differential equations 
^m\4^{x))^ = on ap-form |0^(x))'^ from the p-th cohomology i7^(rn, 9Jl) of the radical % C 
pjj with coefficients in 3Jl. For Abelian radical % we prove that each differential operator from 
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Rgjt corresponds to an element of HP~^^{tjj, OJl) and vice versa. We introduce classification of 
f-invariant systems of equations Rot by reducibility of f-modules 971. f-invariant systems that 
correspond to (reducible) irreducible f-modules OJl are called (non-)primitive. Non-primitive 
systems contain nontrivial subsystems and can be described as extensions of the primitive 
ones. 

This general construction is applied to classification of linear homogeneous conformally 
invariant equations on G -f^°(tn, 971), where we set f = o(M, 2)^, = t(M) (the alge- 

bra of translations) and — ^so{M) © o(2) (i.e., the direct sum of Poincare algebra and the 
algebra of dilatations). Conformally invariant equations are determined by H^{t{M),'OJl). 
Examples of primitive equations include Klein-Gordon and Dirac equations and their con- 
formal generalizations to higher (spinor-)tensor fields, conformal equations on p-forms and, 
in particular, (anti) self duality equations. Examples of non-primitive equations correspond to 
reducible DJl and include M = 4 electrodynamics with and without external current and its 
higher spin generalization to higher tensors in the fiat space of any even dimension. Note that 
our construction allows us to write these systems both in gauge invariant and in gauge fixed 
form. In the latter case we automatically obtain conformally invariant gauge conditions. A 
number of examples of conformal systems are considered in sections El and 14.71 

To find H^{t{M), 3) with coefficients in an irreducible integrable with respect to iso{M) © 
o(2) conformal module 3 we consider a generalized Verma module 23 of o(M + 2) such that 
3 is its irreducible quotient. We calculate H^{t{M),3) for any 3. As an iso(M) © o(2)- 
module, H^{t{M),3) is shown to be isomorphic to the space of certain systems of singular 
and subsingular vectors in 03. As a result, the form of a primitive system of conformal 
differential equations encoded by the covariant constancy equation p.6|) is completely 
determined by these systems of singular and subsingular vectors in 23. Since any reducible 
integrable with respect to iso(M) © o(2) module Tl is an extension of some irreducible 
modules 3, H^{t{M),Tl) can be easily calculated in terms of H^{t{M),3), thus allowing 
classification of all possible conformal differential equations. 

Practical calculating of i7^(rjj, OJl) may be difficult for a general pair Pn C f because the 
structure of generalized Verma modules is not known in the general case. In the relatively 
simple case where pjj = iso(M) © o(2) and f = o(M + 2) we calculate the structure of gener- 
alized Verma modules using the results of [T7l[TH]. This allows us to calculate if^(t(M), Wl) 
for any integrable with respect to iso(M) © o(2) module DJl. 



'In fact we consider only complex case. Thus o(M, 2) ~ o{M + 2). 
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Let us note that our approach has significant parallels with important earlier works. In 
particular, the relation between conformally quasi-invariant^ differential operators and singu- 
lar vectors in the generalized Verma modules of the conformal algebra was originally pointed 
out in for a particular case. For any semi-simple Lie algebra f and some its parabolic 
subalgebra pjj, a correspondence between homogeneous f-(quasi)invariant linear differential 
operators acting on a finite set of pjj-covariant fields and jet bundle pjj-homomorphisms was 
studied in [201 • Namely, let the Lie groups A and V C A correspond to the Lie algebras f 
and pn, respectively, and S and be homogeneous vector bundles with the base A/V and, 
respectively, the fibers C and being some finite dimensional pjj-modules. J^S is the k^^ 
associated jet bundle of S. By taking the projective limit 

jo^S ^ , jk+ig ^ J^S^ > J^S (L18) 

one finds |2il^ that there exists a class of f- (quasi) invariant linear differential operators cor- 
responding to f-homomorphisms J°°S J°°J^. To establish relation with our approach one 
observes that the f-module dual to the module J'^E identifies with the generalized Verma 
module induced from the pjj-module (£, i.e. 5J = ( J°°£^)'', where {J^£)^ is the contragredient 
module to J^£. The image of the highest-weight subspace of {J°°J-'Y in {J°°£)^ under the 
dual mapping [J°^J^)^ [J°^£)^ is spanned by singular vectors. We expect that in 
our construction corresponds to the big cell oi A/V and the sections of the bundle 23 x M^^ 
satisfying ()1.6|) along with appropriate boundary conditions coincide with sections of the 
bundle J^8 over A/V. 

The approach developed in this paper allows one to classify all f-invariant homogeneous 
differential equations on a finite number of fields that form finite dimensional modules of a 
parabolic subalgebra pjj C f with the Abelian radical % C pjj. Equations of this class are 
referred to as fp_-invariant equations in the rest of this paper. In particular we give the full 
list of conformally invariant equations in Minkowski space. In the case of even space-time 
dimension this list is broader than that of [20] because of taking into account the equations 
resulting from subsingular vectors. 

Apart from giving a universal tool for classification of various f-invariant linear equations, 
the unfolded formulation is particularly useful for the study of their nonlinear deforma- 
tions pp. Once some set of linear equations is formulated in the unfolded form ()1.4j) ()1.6|) . 
the problem is to check if there exists a nonlinear unfolded system which gives rise 

to the linear equations in question in the free field limit. In particular, nonlinear dynamics 
of higher spin gauge fields in various dimensions was formulated this way in j2| E]- This 
paper is the first step towards realization of the full scale program of the study of nonlinear 

An operator g is called f-quasi-invariant for a Lie algebra f if for any / G f there exists an operator h 
such that [g, f] = hg. 
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deformations of f-invariant equations. In fact, the analysis of this paper clarifies some ways 
towards nonlinear deformation. In particular, one can consider extensions of the modules 
OJl associated with the free fields of the model by the "current" modules contained in the 
tensor products of VJl. 

Let us note that the unfolded equations (jl.lll can be thought of as a particular Loo algebra 
[2111221 (and references therein). The specific property of the system fjl.l|) . extensively used 
in the analysis of higher spin models Pl El El , is that it is invariant under diffeomorphisms 
and, therefore, is ideally suited for the description of theories which contain gravity. It 
is important to note that in this case a nonlinear deformation within the system may 
deform the f-symmetry transformations by some field-dependent terms originating from ()1.3|) . 
that may complicate the description of this class of deformations within the manifestly 
f-symmetric schemes. For example this happens when gravity or (conformal gravity) is 
described in this formalism with the Weyl tensor 0-form interpreted as a particular dynamical 
field of the system, added to the right hand side of [I1I2S1- Note that such a deformation 

is inevitable in any theory of gravitation because no global symmetry f is expected away from 
a particular f-symmetric vacuum. Within unfolded formulation deformations of this class 
also admit a natural module extension interpretation. 

The content of the rest of the paper is as follows. In section |21 we consider unfolded for- 
mulation of some simple conformal systems. In particular, conformal scalar is considered in 
section 12. ![ conformal spinor is considered in section \2.2\ conformal p-forms are considered 
in section 1221 and M = 4 electrodynamics is considered in section The general construc- 
tion, which allows us to classify fp_-invariant linear differential equations for any semi-simple 
Lie algebra f and Pn f with Abelian radical % is given in sectional In section jH we apply 
this construction to the conformal algebra o(M, 2). Irreducible finite-dimensional representa- 
tions of the Lorentz algebra are considered in section 14.11 Conformal modules (in particular 
generalized Verma modules and contragredient to generalized Verma modules) are discussed 
in sections 14.21 and 14.31 respectively. In section U31 we collect relevant facts about submod- 
ule structure of conformal generalized Verma modules for the cases of odd (section 14.4. 1|) 
and even (section l4. 4. 2j) space-time dimensions. Cohomology with coefficients in irreducible 
conformal modules is calculated in section 14.51 Examples of calculating cohomology with 
coefficients in reducible conformal modules are given in section 14.61 In section 14.71 we for- 
mulate an algorithm that permits us to obtain explicit form of any conformal equation thus 
completing the analysis of conformally invariant equations. Conformal generalizations of the 
Klein-Gordon and the Dirac equations to the fields with block-type (rectangular) Young 
symmetries are given in section ll.?.!! Generalization of M = 4 equations for massless higher 
spin fields to a broad class of tensor fields in the flat space of arbitrary even dimension is 
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given in section 11.7.21 Fradkin-Tseytlin conformal higher spin equations in even dimensions 
are considered in section 14.7.31 In section El we conclude our results. In Appendix A we 
sketch the analysis of submodule structure of generalized Verma modules for odd and even 
dimensions. Corresponding homomorphism diagrams are given in Appendix ^ 

2. The Simplest Conformal Systems 
The nonzero commutation relations of the conformal algebra o(M, 2) are 

[V, P"] = -P", [V, /C"] = /C", 

where 77"^"" is an invariant metric of the Lorentz algebra o(M — 1, 1) and P", /C", and 
T> are generators of o(M — 1,1) Lorentz rotations, translations, special conformal transfor- 
mations and dilatation, respectively. Minkowski metric 77"^" and its inverse rjmn are used to 
raise and lower Lorentz indices. 

Let |$(a;)) = e.^|$(x))'' be a 0-form section of the trivial bundle x 971. Here 971 is some 
o(M, 2)-module. In most examples in this section we consider the case with an irreducible 
module 971 ~ Ja where 3a is a quotient of the generalized Verma module QJa freely generated 
by IC^ from a vacuum Lorentz representation | A)"^ having a definite conformal weight A G C 

I)|A)^ = A|A)^ (2.2) 

and annihilated by P" 

P"|A)^ = 0. (2.3) 
To describe Minkowski space in Cartesian coordinates, we choose the flat connection 

D = r(a„ + Pn). (2.4) 

2.1. Conformal Scalar. In order to describe a conformal scalar field let us consider the 
generalized Verma module 23a,o induced from the trivial Lorentz representation with the 
basis vector |A,0) satisfying £"™|A,0) = 0. The generic element of 5Ja,o is 

$^^C„,...n,/C"^../C"1A,0), (2.5) 
1=0 ^■ 

where Cni...ni G C are totally symmetric tensor coefficients. 

Let \^A,o{x)) be a section of the trivial bundle M^^ x QJa,o, i-e., 

|$A,o(a;)) = J\Cn,...n, (x)/C"i . . . /C"' I A, 0) , (2.6) 



10 SHAYNKMAN, TIPUNIN, AND VASILIEV 

where Cm. ..mix) are some functions on M^^. The covariant constancy condition for the 
field |$A,o(a;)) 

D|$A,o(x)) = (2.7) 
is equivalent to the infinite system of equations 

dn\<^A,0,l-l{x))+Vn\^A,0,l{x)) =0, 1>1, (2.8) 



where 



With the definition 



|$A,o,/(x)) = ic„,..„,(a;)/C"^ . . ./C"'|A,0) . (2.9) 



dn\A,0) = 0, (2.10) 
()2.8|) amounts to the system of equations 

dnCmi...mi^i{x) + 2(A + / — ^)Cnrni...mi_i{x) — (/ — ^)f]n{miCk^ rn2... mi _i)ix) = (2.11) 

for / > 1, where parentheses imply symmetrization over the indices denoted by the same 
letter, i.e., 

'7n(mi^fc m2...m(_i) ~j r(^nmiC'fc m2...m;_i ~l~ ^nm2Ck m^m3...mi_\ "!"•••)• (2.12) 
I — i V " 

l—l terms 

For A ^ |Z (|2.1H) expresses all tensors Cmi...m, (a;) via the derivatives of C{x) imposing no 
differential conditions on the latter. For half-integer A the situation is more interesting. For 
example, for A = — 1 system ()2.1H) imposes the Klein-Gordon equation on C{x) and 
expresses all higher rank tensors in terms of the higher derivatives of C{x) and C"^'"'{x)r]mn- 
Indeed, the first two equations in ()2.11|) are 

dnC{x) + 2ACn{x) = , (2.13) 

dnCmix) + 2(A + 1)C„^(X) - VnmCk\x) = . (2.14) 

Contracting ()2.14|1 with r^"™ and substituting C„(x) from ()2.13j) we obtain 

~^nCix) + {2A + 2- M)Ck\x) = 0. (2.15) 

Thus, for A = iM - 1, A ^ (i.e., M ^ 2) (jTTHll is equivalent to the Klein-Gordon 
equation for C{x) 

nC{x) = 0. (2.16) 

Algebraically, the situation is as follows. Whenever A is not half-integer Vn\^A,Q,i{x)) 7^ 
for any |$a,o,«(^)) with / > 1 and the module 5Ja,o is irreducible. This means that it is 
possible to solve the chain ()2.11|) by expressing each |$a,o,z(^)) via derivatives of \^a,o,i-i{x)) 
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for (/ > 1). Abusing notations, \^A,o,ii^)) = -(^"^)"'9„|$A,o,z-i(a;)) , / > 1 . For A = 
— 1, the module 23a,o is reducible because the identity 

Vn\s)=0, |s) =/C„/C™|A,0) (2.17) 

implies that \s) is a singular vector, i.e. it is a vacuum vector of the submodule ^a,o C 5Ja,o 
generated from \s) by /C". Effectively, the algebraic condition ()2.17|) imposes the Klein- 
Gordon equation on |$a, 0,0(2;)) = C(x)|A,0). The same time, since the coefficient in front 
of C"/Cm/C™|A, 0) G |$A, 0,2(3;)) in equation ()2.11|1 with / = 2 vanishes, C"(x) cannot be 
expressed in terms of derivatives of \^a,o{x)), thus becoming an independent field. Setting 
^n(^) = is equivalent to restriction of M*^ x 5Ja,o to the bundle x Ua,o with the 
irreducible fiber Ua,o = ^a,o/^a,o- As a result, the conformally invariant equation (j2.16|) 
corresponds to the irreducible o(M, 2)-module Ja,o, thus being primitive. 

More generally, the generalized Verma module 2Ja,o is reducible for A = |M — n. Starting 
from 5Jm_^q one obtains the conformal equation □"C(x) = associated with 3m__^ = 

2.2. Conformal Spinor. Massless Dirac equation admits an analogous reformulation. Let 
the module QJa,i/2 be generated by /C" from the spinor module of the o(M — 1, 1) subalgebra 
with the basis elements |A, 1/2)" (a = 1, . . . , 2'^/^! is the spinor index) 

/:"™|A, 1/2)" = ^(7™7" - 7"7"^)"^|A, 1/2)^^ . (2.18) 
Here 7"'"/3 are gamma matrices 

7 /37 7 + 7 /37 7 = (7 7 + 7 7 ) /3 = 2?7 dp. (2.19) 
The covariant constancy condition ()1.6p imposed on the field 

|$A,i/2(a;)> = ^Cm,...m„a(a;)/C™i . . . /C"' I A, 1/2)" , (2.20) 
1=0 

(i.e. on the section of the bundle M^^ x 5Ja,i/2) is equivalent to the system of equations 

^nC*mi...ni;_i, «(''') ~l~ 2(A -\- I l)Cnmi...r)i;_i,Q('^) (^ ^^Vn(miC k m2...m;_i),« ('^) ~l~ 
+ ^(7'7n - lnl'faC,m,...m,.,Ax) = , / > 1 . (2.21) 

Whenever A is not half-integer, the system 1)2.211) just expresses all higher rank spinor- 
tensors in terms of higher derivatives of Ca{x). For example, from ()2.21|) it follows that 
(/ = 1) 

7"",3(5„C,(x) + (2A-M + l)C„,„(x)) =0. (2.22) 

For A = (M — 1)/2 the coefficient in front of Cn,a{^) vanishes and we arrive at the massless 
Dirac equation for Ca{x) 

7"VnCa(a;) = 0. (2.23) 
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Other equations of the system ()2.2H) with A = (M — 1)/2 express higher rank spinor-tensors 
in terms of higher derivatives of Ca{x) and 7""/3C„^Q,(a;). 

Algebraically, the situation is analogous to the case of the Klein-Gordon equation. For 
A = (M — l)/2 the module 5Ja,i/2 is reducible. It contains the submodule ^(m-i)/2,i/2 C 
23(Af-i)/2,i/2 generated by K-n from the singular vectors 

\sr = lm%IC^m - l)/2, 1/2)^ . (2.24) 

Setting 7""/3Cn,a(a;) = is equivalent to the restriction to the subbundle M'^^ x '3{m-i)/2,i/2, 
where the irreducible module 3(m-i)/2,i/2 = ^{m~i)/2,i/2/^{m-i)/2,i/2 corresponds to the 
primitive conformal equation ()2.23|) . 

2.3. Conformal p-Forms. Consider a trivial bundle M^^ x 23a,p, where the module QJa,p is 
induced from the rank p {p < M) totally antisymmetric tensor module of o(M — 1,1) with 
the basis \A,p)''^-''p 

£„^|A,p)^i---^- =p5^|A,p)^^-'=''l -p^l^^lA,^)/-'^''] . (2.25) 
Here square brackets imply antisymmetrization over indices denoted by the same letter 

S[ki\/^^j2...k,] ^ l(5fci|A)„'=2...fcp _ sk,^^^j,ks...k, ^ _ _ _^ _ ^2.26) 

P ^ V ' 

p terms 

Consider a section \^A,p{x)) of the bundle x 2Ja,p 

|$A,p(x)) = J2 lCm,...mrM-kr,ix)}^"'' ■ ■ ■ K-'^^A, p)^'-^^ , (2.27) 
/=0 

where the tensor Cmi...mi;ki...kp{x) is totally symmetric in the indices m and totally anti- 
symmetric in the indices k. (The semicolon separates the groups of totally symmetric and 
antisymmetric indices). 

Equation ()1.6|) for the field |$A,p(a;)) amounts to 

dnCnii...mi_i;ki...kp(^'^) ~l~ 2(A -\- I l)Cnmi...m;_i;fci...fcp (•^) (^ l)'7n(»Tii C'^'^mj ...m;_i);fci ...fcp ("'') ~l~ 

+ '^pCmi...ini^i[ki;nk2...kp]i-^) '^PVn[kiC'mi...'mi^iq;'^ k2...kp]{-^) , / ^ 1 . 

(2.28) 

The differential equations imposed by the system (j2.28p depend on the conformal weight A. 

1. A ^ iZ. 

fj2.28|) imposes no differential restrictions, just expressing all higher rank tensor fields 
in terms of derivatives of the field C-ki...kp{x)- 

2. M is odd, A=p = 0,l,...,M-lorMis even, A = p = 0, f + 1, f + 2, . . . , M - 1. 
In this case fl2.28p imposes the closedness condition on the A-form C-ki...kAi^) 

%^+,C;fc,..fc^](x) = (2.29) 
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and expresses all higher rank tensor fields in terms of derivatives of C;fc^...fc^(x) and 
^[fcA+i;fci...A:A](^)- Actually, consider ()2.28|) at / = 1. We have 

<9nC;fci...fep(a;) + 2ACn;fci...fcp(x) + 2pCiky,nk2...kp]ix) - 2prin[k^Cq.^k2...kp]ix) = . (2.30) 
Total antisymmetrization of indices in (j2.3(J|) gives 

d[k,+,C,ki...k^] (x) + 2(A - p)C[k^+y,ki...k^] {x) = 0, (2.31) 

For A = p we obtain (IT^ . 

3. M is odd, A = M - j9 = 0, 1, . . . , M - 1 or M is even, A = M- p = 0,f + l, f + 
2,...,M-1. 

In this case fl2.28|) imposes the dual form of equation ()2.29|) implying that the polyvec- 
tor (7''^i---'^A^-^(x) conserves 

^^^;nfo...feM-A(2,) = 0. (2.32) 

Also ()2.28|1 expresses all higher rank tensor fields in terms of derivatives of the fields 
(j-M-kM-A^^j.-^ and Cq''^^'^-^^-^{x). Indeed, contracting indices in ()2.3()j) with rf^^, one 
obtains ()2.32|) from 

5"C;„,,...fc^(x) + 2(A + p-M)C";„fc,...fc^(x) = 0. (2.33) 

4. M is even, A = p = 1, 2, . . . , - 1. 

In this case, ()2.28|) imposes on C;fcj..jc^(x) equation ()2.29p along with equation 

□*'/'^^5"C;„fc,...,Ja;) = (2.34) 

and expresses all higher rank tensor fields in terms of derivatives of the fields C-ki...k/^ (x), 
C[k^+,-M-kA]i^)^ and C7"i-"«/2-A„^^„^^^^_^9.g;-^ ;,^(a;). 

5. M is even, A = M - p = 1, 2, . . . , f - 1. 

Now ()2.28|1 imposes on C-ki...kM-A{^) equation ()2.32|) along with 

□*^/2-^9[,„_,^,C,,.„fc,,„,](x) = (2.35) 

and expresses all higher rank tensor fields in terms of derivatives of the fields C-ki...kM-A (^) 1 
C"'-""/'-^ni...nM/2-A[feM-A+i;fci...fcM-A](a;), aud C"';^^,.,,^^,.^ (x) . Note that system ((2221), 
Tn:^ is dual to system TTU^ . ((231 • 

6. M is even, A = p = 

In this case, the vacuum vectors |M/2, M /2)^^'"^'^'/^ form a reducible o(M, 2)-module. 
The irreducible parts are singled out by the additional (anti)selfduality conditions 

\M/2,M/2t-'"'' = ±7^e,,...,,,/,'=--^-/2|M/2,M/2)^i^---^-/^ , (2.36) 
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which in the complex case can be imposed for any even space-time dimension. Equa- 
tion ()2.28|) imposes primitive equation 

d'^C,^,,,„u,,,,{x) = Q (2.37) 

on the (anti)selfdual field C-^ki...kM/2^^) 

C-M...kM^A^) = ±(]^^e"^-"^^/^i^....;^M/.C;P...PM/.(^) (2-38) 

and expresses all higher rank tensor fields in terms of derivatives of the fields C-ki...kM/2 (^) 
and C'',qk2...kM/2(^)- 

Vanishing coefficients in front of higher tensors in p. 3111 and p.33|l imply the appearance 
of the singular vectors 

|^^fci...feA+i = 1 A, , (2.39) 

|^^fel...fcM_A-l = M - ^Yk,...kM-A-l (2.40) 

in QJa,p for A=p = 0, ...,M — 1 and A = M — p = 0, ...,M — 1, respectively. These 
singular vectors induce proper submodules ^a,a C QJa,a and ^a,m-a C ^a,m-a- In 
the cases 2 and 3 the quotients Ha, a = ^a,a/^a,a and Ha.m-a = 5Ja,m-a/^^a,m-a are 
irreducible and, therefore, equations ()2.29|) and ()2.32j) are primitive. In the cases 4 and 5 
the modules Ha, a and Ha.m-a are reducible. They contain submodules ^ C Oa.a and 
^A,M-A O.A,M~A generated from the subsingular vectors 

|^/^fci...fcA-i = (/C„/C")^^/2-^/C„| A, A)"'=i-*^^-i , (2.41) 
|^/^fci...feM-A+i = (/C„/C")*'^/2-^/C['=i I A, A)'=2-'=M-A+i] ^ (2.42) 

respectively. The quotients H'a a = ^a,a/*Paa and O'a m-a = ^a,m-a/V'a. M-A are 
irreducible and systems ()2.29p . ()2.34|) and ()2.32|) . ()2.35|) are primitive. Note that in the 
cases 4 and 5 the systems ()2.29|) and ()2.32|) alone are also conformally invariant but non- 
primitive. 

In the case 6 the singular vector p.39|) coincide (modulo a sign) with the singular vector 
fl2.40|) . This vector contained in both generalized Verma modules 2Jm/2,m/2+ and QJm/2,m/2- 
generated from the selfdual and the antiselfdual vacuum Lorentz representations correspond- 
ingly. The quotients nM/2,M/2± = 2JM/2,Af/2±/^Af/2,A//2 are irreducible and, therefore, sys- 
tem (IT!?7I) . (ITTIHll is primitive. 

2.4. M = 4 Electrodynamics. Primitive conformally invariant equations constructed with 
the use of irreducible conformal modules are the simplest ones in the sense that it is impos- 
sible to impose any stronger conformally invariant equations that admit nontrivial solutions. 
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As follows from the examples 4 and 5 in section 17!^ non-primitive equations not necessarily 
reduce to a set of independent primitive subsystems. 

A somewhat trivial example of a non-primitive system is provided by the case 6 in section 
I2.3l with the relaxed (anti)selfduality condition (j2.36|) . Namely, consider the module 2Jjv//2,m/2 
induced from the reducible vacuum |M/2,M/2)'=i'-''=«/2. It contains both singular vectors 
flT!?ni) and (12301) • Thus the equation (jT^ imposes the system flT^ . on the field 

C-ki...kM/2i^) expresses all higher rank tensor fields in terms of derivatives of the fields 
C;fci...fcM/2(^)' C'[fcM/2+i;fci-fcM/2](^)' a^'i C''.gk2...kM/2i^)- Thls systcm is non-primitive because 
it reduces to the combination of the independent subsystems for selfdual and anti-selfdual 
parts. For M = 4 it coincides with the free Maxwell equations formulated in terms of field 
strengths. 

A less trivial important example of a nontrivial non-primitive system, which allows us to 
illustrate the idea of the general construction is provided by the potential formulation of 
the M = 4 electrodynamics. Consider the M = 4 irreducible module 3a = 1, (see 

explanation to the case 4 at the end of section EISI)- The covariant constancy condition (jl.fjj) 
for the section 

= lAm,...mrA^)}C'^' ■ ■ ■ /C"' 1^)' , m,k = l,...,4 (2.43) 

encodes the following differential equations on A-k{x): 

dinA.k]{x) = , (2.44) 

nd''A,k{x) = 0. (2.45) 

Let us extend the irreducible module 3a to a module ^a,f by "gluing" the module = 
0.2,2+ ffi ^2,2- (see explanation to the case 6 at the end of section 12. 3|) to 3a as follows. 
The module ^a,f is generated from the vacuum vectors \A)'^ and \F)'^'^'^^ of the modules 
23a = ^1,1 and = ^2,2, respectively, with the following additional relations imposed 

/C["|A)'=] = 0, /C^/C'^/Cfc|v4)'= = 0, (2.46) 

j^[n^p^kik2] ^ Q ^ /C„|F)"'= = 0, (2.47) 

pn|^^fcifc2 ^ _^n[fel|^^fc2] _ (^2.48) 

Here the conditions ()2.46|1 and ()2.47|) single out 3a and from the generalized Verma 
modules QJ^ and 2Ji?, respectively. The condition ()2.48p "glues" the modules 3a and Ap into 

Consider the section 

1=0 1=0 

(2.49) 



16 SHAYNKMAN, TIPUNIN, AND VASILIEV 

of the bundle x The covariant constancy condition D\^a,f{x)) = amounts to the 

infinite differential system 

f^n^mi...m;_i;fc('^) ~l~ 2/y4jjnii ...m;_i ;fc (•^) 1 ^<!'^»Ti2 ■••mi-i);^ ('^) ~^ 

-|- 2^4,72-1^ '^^nk-^mi...mi_iq;'^ i^-^) -^mi...m;_i;nA;('^) , (2.50) 

^n-^mi...m;_i;fciA;2 (*^) ~l~ 2(/ ~l~ l)-^rami...m;_i;fciA;2 (*^) -^)^n(mi-f^g^m,2...mi_i);A;iA;2 ('^) ~l~ 

~^ '^'F'mi...mi_i[ki;nk2]i,'^) 4'?^}j[fci-^mi...m;_i(jr;'''fc2] (■^) (2.51) 

for / = 1,2,.... The subsystem 1)2.511) coincides with the system ()2.28j) for M = 4 and 
A = p = 2. It expresses all higher components Fmi...mi;kik2{^) via the higher derivatives 
of the field F.^-^k^^x) (note that components F'^.gk^ix) and F[k^.kik2]{^) ^-^e set to zero in the 
bundle M'^ x (Ea,f due to the relation ()2.47j) ) and imposes Maxwell equations on the field 
strength 2-form F.kik2{x) 

dinF.k,k2]{x) = , (2.52) 
5"F.„fc(x) = 0. (2.53) 

The subsystem fl2.50p is a deformation of the system ()2.28p for 3a by the additional terms 
containing the fields -Fmi...mi;A:ifc2(2;) resulting from the "gluing" condition ()2.48|1 which links 
the vacuums \A)^ and xhe system ()2.5()|1 expresses all higher fields Ami...m,;fc(a^) 

(/ > 1) via the higher derivatives of A.k{x) (in x (Ea.f components A[k.^.k-^]{x) = and 
A^n'^-g{x) = due to ()2.46|) ) and also imposes the differential equation ()2.45|) on A.^^x) and 
the constraint 

d[k,A,k2]{x) = F,k,k2{x) (2.54) 

on F-kik2{x)- The constraint p.54|) replaces the closedness condition p.44|l for the potential 
1-form A.fc(x). The point is that the singular vector = /C^^^jl, 1)^^^ from the module 

93a responsible for (IT^ is "glued" in the module by the field ^.^.^.^(x) in ^U^ . As 
a result, the field F.kik2{x) replaces zero on the right hand side of ()2.44j) giving rise to the 
constraint ()2.54|) . which identifies A.k{x) with the potential for the field strength F.^^i^^^x). 

Thus the infinite system ()2.50p and ()2.5H) provides the potential formulation of M = 
4 electrodynamics ()2.52)1 . ()2.5H)1 and ()2.54)1 along with infinitely many constraints on the 
auxiliary fields v4mi...m;;fc(a;) and Fm^,,,rni-Mk2i.^) ^ — 1- Equation ()2.45j) is the conformally 
invariant gauge condition, considered originally in [211 123- The system ()2.52|) . ()2.53|) . ()2.54p 
and ()2.45|) is non-primitive. Its primitive reduction results from the condition F.i^^k.^{x) = 0. 

The module €a,f can be further extended by the module 3j = ^3,i/'^3a (see explanation 
to the case 3 at the end of section I2.3|l to a module ^a,f,j as follows. ^a,f,j is generated 
from the totally antisymmetric vacua \A)'', |F)'=i'^2 and \J)'' with the properties ()2.46|) . ()2.47|) . 
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(jnH|) along with 

/Cfc|J)'^ = 0, (2.55) 
p"|J)'= = (2.56) 
The covariant constancy condition for the section 

|$A,F,J(X)) = J2 l/^rrn-mrMJC"'' • • • ^'"^ 1^)' + (2-57) 

of the trivial bundle x S^^i^^j contains several parts. The first one is the system (|2.5Up . 
which gives rise to equations ()2.54|) . ()2.45p . The second one is the system for the fields Jmi...mi]k{x) 
of the form ()2.28|) with M = 4 and A = M — p = 3. This system encodes equation 

d''J,k{x) = (2.58) 

on the field J-k{x) and expresses all the higher fields Jmi...mi;k{x) (/ > 1) in terms of higher 
derivatives of J-k{x) (in R'^ x ^a,f,j component J'^-g{x) = due to ()2.55|) ). The third part 
reads 

f^n-fmi...m;_i;fcife2 (*^) ~^ 2(/ + l)-^nmi...m;_i;fci/c2 (•^) (^ l)''?n(mi -^g'^m2 ...m;_i);A;iA;2 (•^) ~l~ 

~^ '^'P^mi...mi_i[ki;nk2]{-^) ^T/nffci -^mi ...mi_ig;''fc2] s'?"!^! '-^"ii---»Ti;_i;fc2] (''') (2.59) 

for / = 1,2, .... It is a deformation of the system 1)2.511) with the additional terms con- 
taining Jmi...mi;k{x), which rcsult from the "gluing" condition ()2.5fi|l . This system encodes 
the Bianchi identities ()2.52|1 along with the second pair of Maxwell equations with external 
current 

d'^F.nkix) = J,k{x) (2.60) 

and expresses -Fmi...mi;fcifc2(^) for / > 1 via the derivatives of F.k^k^{x). Thus the covariant 
constancy condition ()1.6j) for the bundle x encodes the non-primitive system of 

differential equations (^3^ . (^3111 . (ITIKI) . (imiH) and Note that analogous differential 

system was derived in [21] in terms of a 5-potential that transforms according to a non- 
decomposable representation of SU {2,2) (see also j2Z] and references therein). 

This system admits two interpretations. The first one with Jmi...mi]k{.x) treated as indepen- 
dent fields restricted only by equations ()1.6|) is that it provides the off-mass- shell version of 
the Maxwell electrodynamics, which accounts for all differential consequences of the Bianchi 
identities. Another interpretation comes out when the field J-k{x) is a nonlinear combination 
of some other "matter" fields. In that case, equations ()1.6|) should be treated as Maxwell 
equations describing electromagnetic interactions of the matter fields. Clearly, for this to be 
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possible it is necessary to single out the module 3j from the tensor product of some other 
"matter modules" that leads to a nonlinear system describing electromagnetic interactions 
of matter fields from which the current J-k{x) is built. The equation ()2.58|) imposes the 
conservation condition on this current. 

Finally let us note that to have a gauge invariant form of the Maxwell equations (i.e. to 
relax the gauge condition ()2.45|) ) one has to consider the further extension €a,f,j,g of the 
module ^a,f,j with the module 3g = ^4,o- The module €a,f,j,g is defined by the relations 
dZini), UM, (1231, (ElSni), (f^ll along with 

V'lG) = -^}C^}Cm\A)\ (2.61) 
16 

where \G) is the vacuum of the module 3g- Consider a section 

1=0 ' 1=0 

+ J2 ljn^,...mMIC"'' ■ ■ ■ ^"^Vf + E Tf^'-i..-. (^)^"' . . . /C^IG) (2.62) 



^1 " I III... I III, K y- ~ , ^ ^ 

/=0 ■ 1=0 

of the bundle M.'^x(Bafjg- The consequences of the covariant constancy condition imposed 
on ()2.62|) are analogous to those for the section \ ^a,f,j{x)) but with subsystem ()2.5U|) replaced 
with 

^n^mi...r?ii_i;A;('^) ~l~ 2/^yifn,i...m;_i;fc('^) (^ l)'7n("ii m,2...r(i;_i);fc(''')~l~ 
-|- 2^n2j^_ ,jjj_-|^;j-jj(x) 2'?^jifc^r7ii...r7i;_ig;'''('^) -fmi...m;_i;nA;('^) 

- ^(^ - 1)(^ - 2)?7„fc?7(mim2G'm3...m,_i) = , (2.63) 

and additional subsystem of the form ()2.28p with M = 4, A = M — p = 4 for the 
fields Gmi...mi{x). G-dependent terms in (|2.63p modify equation (|2.45p to 

nd''A,k{x) = G{x). (2.64) 

Subsystem for the fields Gmi...mi{x) expresses higher components of Gmi...miix) (/ > 1) in 
terms of derivatives of G{x). 

In section 14.7.21 we consider a generalization of this construction to a case of an almost 
arbitrary tensor structure of the field strength in any even space-time dimension M > 2. 
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3. General Construction 

Let f be a complex semi-simple"'' Lie algebra with simple roots LI = {ao, ai, . . . , ctg). Then f 
is generated by elements Tii, Si and J-'i, < i < q with the relations 

[H-i, Sj] — AijEj , -F j] = AijJ- j , (3-1) 
[£i, J^j] — SijHj , (3.2) 

{s^dS^Y'^'^S, = , (adj-,)'"^"^.^,- = , iy^j, (3.3) 

where no summation over repeated indices is assumed and 

Aij^ajiHi), Aij^i<0, A, = 2 (3.4) 
is the Cartan matrix. The transformation r 

T{£i)^Ti, T{Ti)^£i, T{ni)^'Hi (3.5) 

generates the involutive antilinear antiautomorphism of f called the Chevalley involution. 

Choose a subset of the set of simple roots 11 C H. Let ttn C f denote the semi-simple 
subalgebra generated by elements £j, Hi such that ctj e U. fj^ is the Cartan subalgebra 
of ajj. Let pn be the parabolic subalgebra with respect to H, i.e. is generated by Hi, 
£i with < i < q and J^i corresponding to simple roots in H. Evidently, ajj C pn C f for 
any 11. The parabohc subalgebra pjj admits the Levi-Maltsev decomposition pjf = 1^(3- 
where [jj = f^nvn^ "^ff Levi factor of p^ and is the radical of pjj. The linear space f 

can thus be decomposed into the direct sum f = ajj © ^u\u ® ^iT ® f/Pn- Let us choose 
a basis (^C^,Vi,Va, ICa^ of f such that the elements C^, Vf, Va and /C^ form some bases 
in Ofi, i)u\m % f/Pff' respectively. Note that the involution r maps % to f/pn and 
vice versa. Therefore, both for Va and for )Ca the index a takes values a = 0, . . . M — 1, 
where M = dim(rn) = dim(f/pjY). 

Note that the commutation relations of f in the basis (jli3,Vj,Va, )Ca^ have the following 
structure 

[V,V]r.V, [/C,/C]~/C, 
[C,V]^V, [A/C]-/C, (3.6) 

[V, K:]r. jC + V + V + IC, [D,V]r^V, [P, /C] ~ /c , 

[D, V] = 0, 

where Cjs, Vj, Va, ICa are operators of generalized Lorentz transformations, dilatations, 
translations and special conformal transformations, respectively. 

^In fact the following consideration remains essentially the same for any Kac-Moody algebra. 
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Let Tl be some (usually infinite dimensional) f-module with the following properties. SOT 
decomposes into the direct sum of irreducible finite dimensional modules of [jj. The action of 
the Cartan subalgebra P)n C f is diagonalizable in Tl. The action of the radical is locally 
nilpotent in Tl, i.e. Tl admits a filtration by [jj-modules 

971(0) C 971(1) C ■ ■ • C 9Jl(/) C-- - cm 

m=[j7=o'^if), (3.7) 

where a [jf-module 97t(/) is such that 

(rn)^+^9Jl(;) = 0, (3.8) 

i.e. a product of any / + 1 elements from tjj annihilates any vector from 9Jl(/). 
The filtration ()3.7|) gives rise to the grading on 971 

oo 

97l = 097l[z]. (3.9) 

Here 9Jt[o] = 9Jl(o) and 9Jt[;] (/ > 1) is the preimage of the quotient morphism 

q: 9Jt(o 9Jt(o/97l(,_i) (3.10) 

= g^^ ^9Jl(i)/9)t(/_i) j , where is a homomorphism of Iff modules satisfying qq~^ = 
1. q~^ is fixed uniquely provided that 9Jl(;_i) does not contain [jj-irreducible submodules 
isomorphic to some of the [jj- irreducible submodules of 9Jt(/)/9)T(/_i). Otherwise, to fix the 
arbitrariness in q~^, an appropriate additional prescription is needed. We demand every 

which is called level / submodule of 9Jt, to form a finite dimensional module of [jj. An 
element r G r jj decreases the grading 

r : Mii^ ^ 97l[z_„(,)] , (3.11) 

where n{r) > 1 is an integer. Note that if tjj is Abelian then n{r) = 1 for any r G r^. 

Let S be the Grassmann algebra on,^", n = 0,l,...,M — 1, ^".^"^ = — and are 
identified with space-time basis 1-forms. Consider the tensor product ^ = Tl ® E. 5^ is 
bi-graded by the level of 9Jt ()3.9j) and by the exterior form degree of S 

AI oo M 

^ = ®®r,, = ®r, (3.12) 

p=0 1=0 p=0 

where ^^jjj is the space of p- forms taking values in is the space of p-forms taking 

values in the whole module 93T. 

Consider the trivial vector bundle B = R^^ x ^ over R^^ 

d ^ B 

I (3.13) 

mM 
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with the fiber Let T{B) denote the space of sections of B. We define the covariant 
derivative in B 

D = Cdn + C0j/{x)Cp + C0Jn\x)Va + C^n\x)Vi , (3.14) 

where x", n = 0,1, . . . , M — 1 are the space-time coordinates in M^^. The connection 1- 

forms u)n^{x), ujn"'{x) and uj^^x) are chosen to satisfy the zero curvature equation (jl.8|) . We 
require ujn°'{x) to be non-degenerate 

det |cj„''(x)| ^ 0. (3.15) 

In the rest of this paper we focus on the case of Abehan 

[Va,Vt] = 0. (3.16) 

In this case ()1.8|) and ()3.15|) admit the simple solution 

D = Cdn + CK'Pa, (3.17) 

with c<j„"(x) = ujn\x) = and u!n°'{x) = 6!^, where 5" is identified with the fiat space co- 
frame in Cartesian coordinates. Choosing different solutions of p.8j) allows one to analyse 
the problem in any other coordinates. Having fixed the fiat frame in the form of Kronecker 
delta, in what follows we will not distinguish between the base and the fiber indices. 
Let us introduce the exterior differential 



and the operator 
We have 



d = Cdn: ^?]-i?f;r (3-18) 



^-=CVn: ^?5]-;^?-V (3.19) 



D = d + cT_. (3.20) 

From ()1.8|) . ()3.18|) and ()3.19p it follows that the operators d and cr_ are nilpotent and 
anticommutative 

dd = , = , 

da_ + (T_d = 0. (3.21) 
Let c C 5^ and e C c C 5^ be the spaces of (j_-closed and (T_-exact forms, respectively, 

a_c = 0, e = a_5. (3.22) 
The cohomology H{xjj, TV) of is the quotient c/e. Let p be the quotient mapping 

p: c^H{tY^,m). (3.23) 
This mapping is a [jj-homomorphism. We define the mapping 

p-': H{tj^,m)^c (3.24) 
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such that pp~^ = 1 and p^^ is a [jj-homomorphism. These requirements fix p~^ uniquely 
provided that e does not contain [^-irreducible submodules isomorphic to some of the [jj- 
irreducible submodules of c/e. Otherwise, to fix the arbitrariness in p~^, an appropriate 
additional prescription is needed. The space ^ decomposes into the direct sum of [jj-modules 

d = H®t®F. (3.25) 

Here H denotes (%, e complements H to c and F complements c to The 

gradings ()3.12|) of ^ induces the gradings of H, t and F. Let if^p ej'^j and F^^j denote 

corresponding homogeneous subspaces. Note that = c° = ^^^qj and thus p"^ is identical 

in the sector of 0-forms. 

Introduce the subbundle b = M.'^'^ x H of the bundle B 

H — > b 

i (3.26) 

with the fiber H G ^. Let T{b) denote the space of sections of b. Let ap-form \(f)^{x)) G r(b) 
be a section of b. Now we are in a position to formulate fp_- invariant differential equations 
on \(f)P{x)) as the conditions for \(j)^{x)) to admit a lift to a p-form |$^(x)) G T{B) such that 

D\^P{x)) = 0, 

(3.27) 

\^p{x))\, = \r{x)). 

Here |$^(a;))|j, is the projection of to if in the decomposition ()3.25|) . Call a section 
\(l>P{x)) G T{B) D-horizontal if D|<I>p(x)) = 0. Call a section |<I>p(x)) G T{B) D-horizontal lift 
of \(t>P{x)) G r(b) if it satisfies ^TTT^ . Taking into account jUHl), the equation D\^p{x)) = 
is invariant under the gauge transformation 

S\^P{x)) = D\eP-\x)) , (3.28) 

where e^"^ G T{B) is an arbitrary p — 1-form. Note that for p > 2 ()3.28|) is invariant under 
the second order gauge transformation 

6\eP'\x)) = Dlx'-'ix)) , (3.29) 

where \x^~'^{x)) is an arbitrary p — 2- form. For p > 3 ()3.29p is invariant under the third 
order gauge transformation and so on. 

We will distinguish between T (trivial), D (differential) and A (algebraic) classes of gauge 
transformations with the gauge parameters |e^~^(x)) = \iIj^~^{x)) + D\x^'^{x)), |e^~^(a;)) = 
|'?/'^~^(x)) + D|x^~^(x)) and \e^^^{x)) = {ip^^ix)) + D\x^^'^{x)), respectively, with somep — 1- 
forms \iIj^~^{x)) G e, \'ipi^'^{x)) G H, |^/'^~^(a;)) G F. The ambiguity in the second-order gauge 
parameters \xt^'^{x)), \x^o'^{x)) and manifests the fact that the decomposition 

into the T, D, and A gauge transformations is not unique. One can see, in particular. 
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that any T-transformation reduces to a linear combination of some ^-transformation and 
/^-transformation and can therefore be discarded. Indeed, let \e^i^{x)) = o"_|x^y^^^(a;)) be 
a level-/ T-transformation parameter. Taking into account 1)3.211) one gets 

6t\<I>^{x)) = d|e^],f(x)) = -a_d|x^],'+i](x)) = -Dd|x^],+i](x)) . (3.30) 

Decompose —d\x^i^_^i]{x)) into a combination of level l + l D, A and T gauge parameters. If 
the resulting level / + 1 T-parameter is nonzero one applies the same procedure, and so on. 

The roles of the D and A gauge transformations are as follows. The variation of |$^(a;)) 
under /^-transformations is purely differential 

SD\^P{x))=d\el-\x)). (3.31) 

/^-transformations generalize the gradient transformations in electrodynamics and linearized 
diffeomorphisms in gravity, ^-transformations are gauge transformations of the form 

6Am^)) = d|e^/^(x)) + a.K~\x)) (3.32) 

with a nonzero second term. These are analogous to the linearized local Lorentz transfor- 
mations in gravity. 

Now, following to TT, we prove that the existence of a D-horizontal lift (see ()3.27|) ) is 
governed by //^"•"^(tn, 071). 

Theorem 3.1. 

1. Let \(f)P{x)) G r(b) and let there exist |$p(x))i and \^p{x))2 G T{B) that are D- 
horizontal lifts of \(ff {x)) . Then\^^{x))i — \^^{x))2 = Sa\x^^^{x)) f(^'^ some\x^~^{x)) G 
T{B) (see ^^). 

2. The two statements are equivalent 

(a) any section |0^(x)) G r(b) has a D-horizontal lift to a |$p(x)) G T^B) 

(b) //P+i(rn,mt) = 0. 

3. If HP^^i^tfijDJl) 7^ 0, there exists a system of differential equations 

R\(l)P{x)) = (3.33) 

such that any solution of ()3.33|) admits a D-horizontal lift to a \^'p{x)) G T{B) and all 
\(f)P{x)) G r(b) admitting such a lift satisfy ()3.33p . 

Proof. Let us look for a lift {^^{x)) in the form 

mx)) = |^[o](x)> + |v9[i](x)> + |v9[2](x)> + ■ • • , (3.34) 

where \ip[i]{x)) G '^Jiy The condition |$p(x))|j, = |0^(a;)) fixes the first term in this decom- 
position |v5[o](a;)) I J, = \(ff{x)) n S^l'o] i^odulo a (j_-exact form \(p[Q^{x))^ G t^^y The freedom in 
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|(y5[o](x))j G ejl)] is a consequence of A-gauge symmetry, i.e. \{p[o]{x)) is reconstructed modulo 
an y4-gauge part (which, of course, also contributes to 

Suppose that i/^~'"^(rjj, 071) is trivial, i.e. c^+^ = c^"*"^. To reconstruct we use the 

following step-by-step procedure. The zero level part of ()H.27|1 reads 

d|(y9[o](x)) +o-_|v9[i](a;)) = 0, (3.35) 
\mi^))\,= \rix))nr[,^. (3.36) 

Since |(y9[o](x)) has the lowest grading, it is cr_-closed. d|v9[o](x)) is also cr_-closed because 
dcr_ + cr_d = 0. Since f/'P+^(rjf, 971) is trivial, d|v9[o](x)) is (7_-exact 

d|v^[o](a;)> = (x-|x[i](a;)) (3.37) 

for some |x[i](3;))- Setting |y9[i](x)) = — |X[i](a;)) we solve the equation ()3.35|) modulo an 
arbitrary cr_-closed form \{pii]{x))^ G c^^. The condition ()3.3(jj) fixes |v9[i](x))|. modulo an 
arbitrary cT_-exact form \(f[i]{x))^ G ej'-^j, which parameterizes the level 1 restriction of some 
A-gauge part with level 2 gauge parameter. As a result, \ip[ij{x)) G ^^|'^] is expressed via the 
first derivatives of |0^(x)) fl ^^^^ and via \(f)P{x)) fl ^j^^j modulo an arbitrary A-gauge part. 
The first level part of ()3.27j) 

d\ip[i]{x)) + a-\(p[2]{x)) = , (3.38) 
\mi^))\,= \<l^'i^))^%] (3-39) 

is considered analogously. d|(y9[i](a:;)) is o"_-closed because a-d\ip[i]{x)) = — d(j_|(y9[i](x)) = 
d'^\ip[o]{x)) = 0. Introducing |x[2](a^)) ^ ^^[2] such that d|(/9[i] (s)) = a^\x[2]{x)) and set- 
ting |y9[2](x)) = —\xi2]{x)) we solve equation ()3.38|) modulo an arbitrary (T_-closed form 
lv'[2](2;))c ^ cj'g]- The condition ()3.39|1 fixes \{pi2]{x))^ modulo an arbitrary cr_-exact form 
\(f[2]{x))^ G Cp], which parameterizes the level 2 restriction of some A-gauge part with level 3 
gauge parameter. As a result \ip[2]{x)) is expressed via the second derivatives of |0^(x)) n^^j'gj, 
via the first derivatives of \(f)'P{x))n^^-^^^ and via the \(f)'P{x)) ri'^J^^ modulo some A-gauge terms. 
Repetition of this procedure reconstructs the lift |$p(x)) in the form ()3.34|1 with \(f[i]{x)) ex- 
pressed in terms of derivatives of \(ff{x)) modulo an A-gauge part. 

Suppose now that //''^^(rjj, 971) is nontrivial. Then it decomposes into a sum of some 
definite grade nonzero subspaces 

H^+'ixrr, 9Jt) = H(,t^\xrr, 971) © H(+\xrr, 971) © • ■ ■ , (3.40) 

where < li < I2 < ■ ■ ■ ■ Carrying out the first li steps of the described procedure we 
solve ()3.27|) up to the h — 1-th level, expressing all \ip[i]{x)) with 1 < I < h via derivatives 
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of modulo some A-gauge part. The level li sector of (|3.27p reads 

d\^li,]{x)) + a_|<^[i,+i](a;)) = (3.41) 

\nh+i]ix))\,= \<l)'ix))n^^^,^. (3.42) 

From the level h — 1 sector of ()3.27|) it follows that the p + 1-form d|v9[;^](x)) is cr_-closed. 
Equation ()3.4H1 imposes however a stronger condition that d|y9[;^](x)) is cr_-exact thus re- 
quiring those combinations of d\{p[i-^]{x)) that belong to the cohomology class if^"^^ (rjj, 071) 
to vanish. This imposes some differential equations on |0^(a;)) of orders not higher than li 

R[i,]\rix)) = 0. (3.43) 

In addition, equation ()3.41|) . ()3.42|) expresses \ip[ij^+i]{x)) via derivatives of |0^(a;)) modulo 
an arbitrary A-gauge part \ip[i^+i]{x)) , e e[/^+i]- 

Solving further ()3.27|1 level by level we fix |(y9[/^+i](x)), . . . , \ f[i2]{x)) modulo an arbitrary 
y4-gauge part. At the level I2, equations 

d|(^[;,](x)) + a_|<^[,,+i](x)) = (3.44) 
\n.+i]i^))\, = \rix))n^^^,^ (3.45) 

fix \^P[i2+i]{x)) in terms of derivatives of |0^(x)) modulo an A-gauge part \'^[i2+i]{x)) ^ G ^j^^+i] 
and impose some additional differential equations of orders not higher than I2 

RMmx)) = 0. (3.46) 

Repetition of this procedure reconstructs modulo an A-gauge part a lift \^p{x)) in the 
form ()3.34j) for |0^(x)) satisfying the system of differential equations 

R[,,]|0P(x)) = O, 

R[,,]|0P(x)) = O, (3.47) 

To show that the system ()3.47|) is necessarily nontrivial if H^^^{xjj,Wl) is nonzero, let 
us construct a section |0^(x)) G r(b) that does not satisfy ()3.47|) . Let us choose some 
\i^[ii]{x)) G H^i^^^ such that d|-^[/^](a;)) = (for example one can choose ^ -^^ij^ ^'^ 

be x-independent). Then \i'[ij^]{x)) = d\(f[i-^]{x)) for some \(f[i-^]{x)) . Decompose |^[;^](x)) = 
\'?[h]{x))H + |^[«i](^))e + \'?lh]ix))F in accordance with ()3.25|1 . Consider now the h — 1-th 
level part of equation ()3.27|1 

d|^[i,_i](x))+a_|^[,,](x)) = 0. (3.48) 

Because cr„|^[i^](a;)) is d-closed (dcr_|'^[;^](a;)) = — (j_d|^[i^](a;)) = 0) we can solve it for 
\if[i^-i]{x)) = \if[i^^i]{x)) H + |^[;i_i](x))e + |^[ii-i](x))ir. Repeating this "inverse" procedure 
we find |^[z,](x))/^, . . . , |^[o](x))//, arriving at the field |^(x)) = |^[o](x))h H h |^[Zi](x))iy 
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that solves ()H.27|1 for the levels 0, 1 ... /i — 1 but satisfies the modified equation ()H.27j) with the 
nonzero right hand side proportional to \t/j[ij^]{x)) G H^^^^ at the level /i, thus violating ()3.47|) . 
■ 

Remark 3.2. If there exists a D-horizontal lift of 0-form to a 0-form |<l>°(x)) G T(B) 

then it is unique. 

Proof. Gauge symmetries ()3.28p trivialize in the sector of 0-forms. ■ 

Remark 3.3. Consider the subbundle b' = R^^ x if © e of the bundle B 

H®t — > h' 

i (3.49) 

with the fiber if © e = c C 5^. If there exists a D-horizontal lift of to a p-form 

\^'^{x)) G T{B) then it is unique. 

Proof. Restriction to b' fixes some A-gauge. ■ 

Remark 3.4. Theorem 13.11 allows the following interpretation. Given equation ()3.27p . a 
section decomposes into = \^'p{x))h+ \^'p{x))f- The subsection 

\^^{,x))h describes dynamical fields subject to some differential equations ()3.33|1 . Solutions of 
these differential equations are moduli of solutions of the equation ()3.27|) . The part \(^^{x))f 
describes (usually infinite) set of fields expressed by the equation ()3.27p via derivatives of 
the dynamical fields. The fields of this class are called auxiliary fields and the equations 
that express them are called constraints. The A-gauge symmetry ()3.32j) (generalized local 
Lorentz symmetry) allows one to get rid of (T_-exact terms \(^^{x))^. The D-gauge symmetry 
fj3.31|) with the parameters in //''^^(r^, 9?t) acts on the djTiamical fields \^^{x))h and is the 
gauge symmetry of equations ()3.33|1 . 

Remark 3.5. According to ()1.10j) solutions of ()3.27|) are parameterized by the values of 
\^^i^))\x<^e{xQ) ^ neighborhood e(so) of any point Xq. This is because the equation ()3.27p 
expresses all higher level (/ > 1) components of |<l>^(x)) via higher derivatives of |0^(x)). As a 
result, the fields \(tf{x)) can be expressed modulo gauge symmetries in terms of 
by virtue of the Taylor expansion. 

In the rest of this paper we mostly confine ourselves to the sector of 0-forms, which turns 
out to be reach enough to reformulate any fp_-invariant linear differential system in the 
unfolded form by virtue of introducing appropriate auxiliary fields. In other words, for any 
fp_-invariant linear differential system R\(fP{x)) = 0, there exists some f-module DJIr, which 
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gives rise to R\(j)'^{x)) = by virtue of the procedure described above®. Thus the problem of 
hsting all linear fp_-invariant differential systems is equivalent to the problem of calculating 
the cohomology i7°(rjj, 971) and if^(rn, 071) for any f-module 071. An important subclass of 
such systems is formed by those associated with irreducible dJl. 

Definition 3.6. A system of fp^-invariant linear differential equations 

R\(j)\x)) = (3.50) 
is called primitive if the f-module 97tR corresponding to ()3.50|) as in Theorem VJ . l\ is irreducible. 

Reducible modules can be treated as extensions of the irreducible ones. Let 3i and ^2 be 
some irreducible f-modules. Consider a module 071 defined by the exact sequence 

— — ^071 — >32 — ^0. (3.51) 

A trivial possibility is 071 = Ji © ^2- The non-primitive system corresponding to '^i © ^2 
decomposes into two independent primitive subsystems 

Raj0aiW> =0, (3.52) 

Rj^ka^W) =0, (3.53) 

where R^^, \(t)\{x)) and R^j, |03^(x)) correspond to D^i and U2, respectively. For some par- 
ticular irreducible 3i and J2, a module 071 = 2^1,32 non-isomorphic to © ^2 may also exist 
however. The non-primitive system corresponding to C^i.^j 



>-Jl,32 



4.. 



2 



x))=0 (3.54) 



contains the system ()3.53p for the dynamical fields 10^2(3;)) associated with 071 = 3^2- The 
system ()3.52|) results from ()3.54|) at \(t>\{x)) = 0, which means that the space of solutions 
of the non-primitive system (j3.54j) contains the invariant subspace of solutions of the sys- 
tem (j3.52|) . In other words, the equations that contain d\(f)'^^{x)) are 10°^ (x)) independent, 
while those, that contain d\(j)'^_^{x)) , contain some terms with \(f)9^^{x)). 
Further extensions of the types 

— ^ ^3 ^ 07t' ^ S3„a2 (3.55) 

or 

^3^,32 071" ^ ^3 ^ (3.56) 

with indecomposable modules 071' and 071" can also be considered. As a result, all possible fp^- 
invariant linear differential equations can be classified in terms of extensions of the primitive 



''Note that any equation R|(/>^(a;)) = can be rewritten in terms of 0- forms by converting indices of forms 
into tangent indices with the aid of the frame field. The formulation in terms of higher forms may be useful 
however for the analysis of nonlinear dynamics and will be discussed elsewhere. 
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equations. Some examples of nontrivial extensions are considered in section \'2A\ 14.7.21 and 

Km 

To summarize, the construction is as follows. To write down all fp_-invariant homogeneous 
equations on a finite number of fields for a semi-simple Lie algebra f one has to classify all 
f-modules that are integrable with respect to parabolic subalgebra Pn C f with the Abelian 
radical tjj. These consist of irreducible f-modules of this class and all their extensions. The 
unfolded form of the fp_-invariant homogeneous equations has the form of the covariant 
constancy equation for the 0-form section \^^{x)) of the bundle B. Dynamical fields 
form the 0-form section of b. Differential field equations on the dynamical fields are 

characterized by the cohomology if^(rjj, 071), which is the linear space where the nontrivial 
left hand sides of the equations R|0°(x)) = take their values. Since equation is 
f-invariant, the equation R\(f)^{x)) = is f-invariant as well, i.e. f maps its solutions to 
solutions. The construction is universal because any differential equations can be "unfolded" 
to some covariant constancy equation by adding enough (usually infinitely many) auxiliary 
fields expressed by virtue of the unfolded equations through derivatives of the dynamical 
fields \(f)^{x)). If the original system of differential equations is f-invariant, the corresponding 
unfolded equation is also f-invariant, and auxiliary fields together with the dynamical fields, 
span the space of sections of B. 

Now we are in a position to give the full list of conformally invariant systems of differential 
equations in R*^ (M > 3). 

4. CONFORMAL SYSTEMS OF EQUATIONS 

We set f = o(M + 2) with the commutation relations (EH) (o(M + 2) ~ o(M, 2) for the 
complex case we focus on). The structure of simple roots 11 for o(M + 2) depends on whether 
M is odd or even. For M = 2q, o{M + 2) = -D^+i and 11 is described by the Dynkin diagram 



0L\ Ol2 C(q-2 Oq 

For odd M = 2g + 1, o(M + 2) = and 11 is described by the Dynkin diagram 



(4.1) 



O O O . . . O ^' o 

ao ai 0L2 Otq-i Oq . (4-2) 

In both cases we choose 11 = (ai, . . . , a^) and hence = iso(M)©o(2) = o(M)©o(2)et(M) 
where Ijf = o(M)©o(2) is the direct sum of the Lorentz algebra and the dilatation while tjj — 
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t(M) is the algebra of momenta. Since the algebra t(M) is Abelian (cf. (|2.H) ). we can apply 
results of sectionElto classify all linear conformally invariant systems of differential equations 
in terms of the cohomology H'^ {i{M) , ^)JV) and iJ^(t(M), 9Jt) of t(M) with coefficients in 
various integrable o(M + 2)-modules OJl. 

For the conformal algebra o(M + 2) and its parabolic subalgebra iso(M + 2) © o(2), we 
calculate the cohomology i/^(t(M), J) for any p and any irreducible module 3 using the 
information on the structure of the generalized Verma modules obtained by the methods 
developed in jT7| UHl I2H| • Once the cohomology if^(t(M),2F) for any irreducible module 3 
is known, the cohomology H^{t{M), €) for any extension (B of the irreducible modules can 
also be easily found. 

4.1. Irreducible Tensors and Spinor— tensors. Consider an irreducible finite dimen- 
sional module D1(a) of i5o(M) © o(2) with some basis elements |(A))^ of the carrier space, 
labelled by A, 

(^"'"KA)))^ = Cr^Bmf , V\{X))^ = A|(A))^ , P"|(A))^ = 0. (4.3) 

We choose the highest weight of 9^(a) in the form (A) = (Aq, Ai, . . . , Ag), where Aq = —A is 
the highest weight of o(2) and (Ai, . . . , Ag) is the highest weight of o(M). The condition that 
D'T(A) is finite dimensional demands 

2Ai = --- = 2Xg mod 2, (4.4) 

Ai > A2 > . . . > |Ag| > 0, M is even, (4.5) 

Ai > A2 > . . . > Ag > 0, M is odd. (4.6) 

It is customary in physics to describe finite dimensional representations of the Lorentz 
algebra as appropriate irreducible spaces of traceless tensors or 7-transversal spinor-tensors. 
One possible realization is as follows. Let 2Ai = ■ ■ ■ = 2Xg = mod 2. Consider the space 
of traceless tensors 

j.nHXlWiX2l...,n^i\X,\) ^ ^^^^^ynl(Ai),n2(A.),...,nn|A,|) ^ g , 1 < 2, J < g , (4.7) 

where, following [29j, we write n*(Aj) instead of writing a set of Aj totally symmetrized 
indices n\,n2y ■ ■ ■ y i-^- indicate in parentheses how many indices are subject to total 
symmetrization. For example, we write T^^^^ instead of rank-A symmetric tensor T^^^' '"^. We 
use the convention that upper(lower) indices denoted by the same latter inside parentheses 
are symmetrized. For example, T^'^^P^^) jg equivalent to i(T"iP"'2 _^j'n2pniy rjj^g tensor 
rpn^{\i),n'^{X2),...,n''(\\q\) jg totally Symmetric within each group of Aj indices n\ We impose 
the condition that the total symmetrization of indices n*(Aj) with any index from some 
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set n^{Xj) with j > i gives zero. Such symmetry properties are described by the Young 
tableau A composed of rows of length Ai, A2, . . . , |Aq|. Such tensors span the irreducible 
representation whenever M is odd or Ag = 0. For even M and Ag 7^ this space is 
,Ai,...,A„) Ai,...,-A„); where the direct summands are the selfdual and antiselfdual 

parts of the tensors (see below). 

Let (Ji, ... jCTp be the heights of the columns of A. Another basis in DT(a) with explicit 
antisymmetrizations consists of the traceless tensors 

rpm^la^],m^[a2],...,mn<7,] ^ ^^^^^j.m^la^],m^[a2],...,mP[a,] _ q ^ l<l,J <p, (4.8) 

where m*[(Tj] denotes a set of totally antisymmetrized indices m\,m2, . . . ,Tnl^.. We use the 
convention that upper(lower) indices denoted by the same latter inside square brackets are 
antisymmetrized For example, Tl^iP"^] jg equivalent to i(T"iP"2 _j^n2pn,y ^ 

tensor associated with the Young tableau A the condition is imposed that the total anti- 
symmetrization of the indices m* [ai] with any index from some set [aj] with j > i gives 
zero. 

From the formula 

€ni...nM^'rni...mM ~ ^ ] (~-^) ^^^^nimp(i) ■ ■ ■''lnMm^(M) ' (4-9) 
V 

where summation is over all permutations p of indices m^, and 7r(p) = or 1 is the oddness 
of the permutation p, it follows for traceless tensors that 

rjn...,rre[ai],...,m3[(7j],... _ g (4-10) 

if cTj + cTj > M for some i ^ j. From ()4.10|) along with the property that 

rp...,m^[(j\,...,m^[a\,... rp...,m^ [a\,...,m'^[a\,... -j^j^^ 

it follows that there is essentially one way to define the Hodge conjugation operation * for 
such tensors, 



/ ■Wi(M-o-i) 

^rjn\^k[M ~a\],m?[cF2],-..,mi'[(Tp\ _ \^ ) ^ rj,m^\ai],rn?\cF2],---,rni'\(jp] ^ ^k[M~a-i] y^^^ 

where the normalization factor is fixed such that 

^*rp\^m}[cri\,...,mf[(Tp\ _ rpm}[cri\,...,mP[crp\ j^g-j 

For M = 2q and Xg ^ 0, to single out the irreducible part of the o(2g) tensor representation 
jm^q],m^W2],...,mP[ap] ^ imposc the (anti)self duality condition 

*rpm^[q],m'^[a2],...,mP[ap] _ _^'-pm^[q],m'^[a2],...,mP[(Tp] j^^-^ 
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When 2Ai = ■ ■ ■ = 2\g = 1 mod 2, the basis |(A))^ of the module can be reahzed by 
spinor-tensors 

yni(Ai-i),n2(A2-i),...,n'?{|A,|-i),a rpm^[ai],m'^[a2],...,mP[ap],a ^ (4-15) 

where a = 1, . . . , 2'*^/^] is the spinor index. They satisfy analogous (anti) symmetry condi- 
tions and are 7-transversal, i.e. 

7„.'^<,T"'(^i-5)'"'(^2-i),...,nniA,|-i),a _ g , 1 < ^ < ? , (4.16) 

7m/aT'"''"'^'"''"'^'-'"''f"^^'" = , 1 < J < P , 

where 7 matrices satisfy (ITT!I|l . From KT^ it follows that T''H^i'^),nH^2-^),...,n''{\\,\-^),a 
and 2"™-M'7i].™-^k2],.--,m-*'[o-p],o g^j,^ traceless. A counterpart of the identity (j4.1(Jj) for 7-transversal 
spinor-tensors is 

jTm^[cTi],m'^la2],...,mP[a-p],Q _ g (4-17) 

if 2(Ti > M for some i. 

For M = 2q, to single out the irreducible part of a spinor-tensor o{2q) module, one imposes 
the additional chirality condition 

■p/3 rpm^[ai],m'^[a2],...,mP[ap],a _ ^'jTm^[ai],m'^[a2],...,mP[ap],l3 

where 

r^a = {-tni'---l''fa (4.19) 

is normalized to have unit square 

r^^F"^ = . (4.20) 

(Note that for odd M, F is the central element, which is required to be ibl in a chosen spinor 
representation and hence ()4.18|) is automatically satisfied.) For even M, a 7-transversal 
chiral spinor-tensor 2"™-M'3].'"^[o"2],.--,'"''[o-p]," has definite Young properties, is automatically 
(anti)selfdual because 

*rpm'^[q],m'^[a2],...,mPlap],l3 _ p/J^jHrn^ [(j],m2[o-2],...,mP[(Tp],a 2^) 

4.2. Generalized Verma Modules. The generalized Verma o(M-|-2)-module Q3(a) is freely 
generated from a vacuum module D1(a) (see section 14. 1|) by the operators /C". Recall that 
(A) = (Ao, . . . , Xq) satisfy ()4.4|) . ()4.5p . ()4.6p . It is convenient to represent the action of /C" 
as a multiplication by an independent variable y". Basis elements of 23(a) are formed by 
homogeneous polynomials 

|/^n(0;A ^^^(n...^n)|(^)^A^ / = 0, 1, 2 . . . . (4.22) 

I 
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A special universality property of generalized Verma modules that makes them important 
for our analysis is that any irreducible o(M + 2)-module with the highest weight (A) 
integrable with respect to the parabolic subalgebra iso(M) © o(2) is a quotient of 2?(a)- 

The subspace C 2J(a) spanned by degree I monomials ()4.22|1 is called the l-th level 
of 23(A). The associated grading in Q3(a) is 

oo 

5J(A) = 5J(A)^ • (4.23) 

1=0 

The representation of the conformal algebra in is 

C-^i'lv) = (y''^ - y""^ + C'sA \v) , (4.24) 



dym dyk 

V\v)=[-Xo + y'4l]\v), (4.25) 



dy\ 

lC^\v) = y'^\v) , (4.26) 
p™,,,) . (2 . ,.|-) I- - + 2rr|-) I.) . ,4,27) 

where |f ) G 5J(a) and Cq"^ acts in the vacuum module (|4.3|) . and T> preserve level /. T) 
is the grading operator, i.e. 2J(a)/ is the eigenspace of V with the eigenvalue — Aq + /. IC^ 
and increase and decrease a level by one unit, respectively. 

Every level decomposes into a direct sum of o(M) © o(2) irreducible modules, 

[1/2] 

^(A); = 0^(A)®^(-M-2,o,...,o)= %p), (4.28) 

where is the set of highest weights in this decomposition. A o(M) © o(2)-module 
in decomposition ()4.28p with / > 1 is called singular module if 

P"6(M) = 0. (4.29) 

Any vector from (5(^) is called singular vector. Let singular vectors form a basis of 
Any singular module C induces the proper submodule '^{\),{^) of 5J(a) with the 

homogeneous elements of the form 

|^^n(m);A m>0. (4.30) 

m 

Note that ^(A),(/i) is not freely generated from &{^), i.e., the elements \mY''^'^'>''^ are not 
necessarily linearly independent. Also note that the grading ()4.23p defined for generalized 
Verma modules differs from the grading ()3.9|1 defined in section IHl for arbitrary pjj-integrable 
modules. Namely, 5J(a)[o] consists of 23(a)o along with all singular subspaces of 23(a). In what 
follows we use the grading ()4.23|) . 
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If 5J(A) is irreducible it does not contain singular modules. For reducible 2J(a), let ©(/^i), 
6(^2)5- •• list all singular modules of ^(x)- Let ^(a) be the image in 5J(a) of the module 
induced from 6(^1) © <5(At2) © • • •• Consider the quotient D(a) = 2J(a)/^{a)- A singular 
module (5|^^ of D(a) is called a subsingular module of 2J(a)- Its elements are called subsingular 
vectors. A singular module of the quotient O'^^-^ = D(a)/^(a) called a subsubsingular 
module (5|'^^ of 5J(a) and so on. For generalized Verma modules QJ(a) of the conformal algebra 
the situation is relatively simple because 23(a) can have only singular and subsingular modules 
for M even and only singular modules for M odd (see section 14.41 and Appendix A for more 
details). 

4.3. Contragredient Modules. Let VJl be an f-module. The module 3Jl^ contragredient 
to module DJl is the graded dual to VJH vector space'' with the action of the algebra f defined 
as 

fa{v) = a{T{f)v), (4.31) 

where / G f, f G Wl, a G DJt^ and r is the Chevalley involution ()3.5|) . Note that for any 
irreducible module ^(a) with the highest weight (A), the contragredient module ^''(a) is also 
irreducible with the same highest weight and, thus, 5(a) ~ 5\a)- 

The module ^\\) contragredient to the generalized Verma module 2J(a) can be realized 
as follows. Consider ^\\) ~ ^(a) with the basis a{{^)\ dual to |(A))^ 

i.((A)||(A))^ = 5^ (4.32) 

and the following action of the iso(M) © o(2) algebra 



A 



m)\cn = BmcrA"" , Amiv = -Amxo , Amv- = o . (4.33) 



The vector space 23'' (a) can be realized as the space of polynomials of ?/" with coefficients 
in ^\x)- It is convenient to extend the definition of the Chevalley involution to this realiza- 
tion as follows: 

rivn = T (^] = . (4.34) 



dyn \dyn 
The l-th. level ^\x)i ^V) is spanned by the monomials 

n(/);A(^| = J\a{W \y{n--- Vn) ■ (4.35) 

/ 

From 

r(/:"'") = -Z:"'" , r{V) = V , r(/C") = , r(P") = /C" (4.36) 



'^Graded dual vector space to the graded space V — (BiVi with finite-dimensional homogeneous compo- 
nents Vi is defined as V* = (BiV* , where each V* is dual to the corresponding Vi. 
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it follows that the action (jOT]) of o(M + 2) on 5J\a) is 

d . d 



{a\V={a\i -Xo+i^y'), (4.38) 



dym dyk 
A 

{a\)C^ = {a\ (2(-Ao+ ^ ^ y'y^ + 2£ry,) , (4.39) 

= (a| ^ , (4.40) 

for (a| G 23''(A). Note that the elements V"' act co-freely in ^\\), i.e. any vector in ^J^^-^^ 
has a preimage under the action of V"' for every n. 

4.4. Structure of o(M+2) Generalized Verma Modules. In this section we describe the 
structure of o(M + 2) generalized Verma modules. Singular modules in o(M + 2) generalized 
Verma modules were completely investigated in [30112111211. To find subsingular modules we 
use general results from |T71 UHl . This analysis is sketched in Appendix A. 

4.4.1. M = 2g + 1. It turns out that for odd M = 2q+ 1, M >3 any o(M + 2) generalized 
Verma module QJ(a) does not have subsingular modules^. This means that the maximal 
submodule ^(a) C 5J(a) such that the quotient D(a) = 5J(a)/^(a) is irreducible, is induced 
from singular modules. For generic (A), 5J(a) is irreducible. There are two series of reducible 
generalized Verma modules. 

Let (A)o be an arbitrary dominant integral weight, i.e. Aq > Ai > ■ ■ • > Ag and 2Ao = 
■ ■ ■ = 2Ag mod 2. The first series consists of the modules with the following highest weights 

(A)o = (Ao, Ai, . . . , Ag) , 

(A)i = (Ai-l,Ao + l,A2,...,Ag), 

{X)n = (Aat - A^, Ao + 1, . . . , Aat-i + 1, Aat+i, . . . , Ag) , N = 0,...,q, 

(A)g= (Ag-g,Ao + l,...,Ag_i + l), (4.41) 
Wq+i = (-\ - g - 1, Ao + 1, . . . , Ag_i + 1) , 

{X)q+K = { — Xg+i-K — Q — K, Xq + 1, . . . , Xq_K + I5 Ag_j^+2, . . . , Ag) , AT = 1, . . . , g , 



The fact that the homogeneous space SO{M + 2)/ ISO{M) x 50(2) does not contain two ceUs of the 
equal dimension forbids appearance of subsingular modules |17|. 
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(A)2g-i = (-A2 - 2g + 1, Ao + 1, Ai + 1, A3 . . . , A^) , 
(A)2, = (-Ai-2g, Ao + l,A2,...,A,). 

The generalized Verma modules with highest weights from (j4.4H) have the structure de- 
scribed by the following short exact sequences 

Z(x), ^ 5J(A)o ;i(A)o ^ ; (4.42) 

a(A)^+, 5J(A)^ 5(A), ^ , iV = 0, . . . , 2g ; (4.43) 

a{A)2,+i 2J(A),, Z(xh, ; (4.44) 
— QJ(A).,^, ^ a(A).,+, ^ , (4.45) 

where (A)2g+i = (— Aq — 2g — 1, Ai, . . . , A^) and all ^(a) are irreducible. Equation (j4.45p means 
that 23(A)2q+i = 5(A)2q+i is irreducible. Equation (j4.44|) means that Z(\)2q+i is the maximal 
submodule of 2J(a)2, and the quotient ■U(a)29 ~ ^(a)29/^(a)29+i is irreducible. The maximal 
submodule of 5J(a)2,_i is d{\)2q and the quotient 5(A)2q_i = ^(A)2q_i/5(A)2q is irreducible, and 
so on. 

The second series consists of reducible generalized Verma modules with non-integral high- 
est weights. Let fii > ■ ■ ■ > fiq and 2/xi = ■ ■ ■ = 2/iq mod 2. Consider the highest weight 



We have 



where 



1 
2 

fj^o = —q + No if 2/ii = 2/ig = 1 mod 2 



/^o = -g + 7^ + No if 2/ii = 2/ig = mod 2 , (4.46) 



QJ(^)' ^ 2Jm ^ 5m ^ , (4.47) 



(/i)' = (-/io - 2g - 1, /ii, . . . , /i,) . (4.48) 

The modules = 5J(^)/23(^)/ and are irreducible. 

The described two series give the full list of reducible o(M + 2) generalized Verma modules 
for odd M. 



4.4.2. M = 2q. The structure of o(M + 2) generalized Verma modules 5J(a) for even M is 
more complicated because in the even dimensional case some 2J(a) have subsingular modules 
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(no subsubsingular modules, however^). Again, there are two series of reducible generalized 
Verma modules. 

Let (A)_g be an arbitrary dominant integral weight, i.e. Aq > Ai > ■ ■ • > \Xq\ and 
2Ao = ■ ■ • = 2Xq mod 2. Consider the set of highest weights 

(A)-g = (Ao, Ai, . . . , Xq) , 

(A)-g+i = (Ai — 1, Ao + 1, A2, . . . , Xq) , 

W-q+N = (Aiv - iV, Ao + 1, . . . , Ajv.i + 1, Atv+i, . . . , A,) , = 0, . . . , g - 1 , 

(A)_i = (Ag_i - g + 1, Ao + 1, . . . , Xq_2 + 1, A,) , 
(A)o = (Ag - g, Ao + 1, . . . , Ag_i + 1) , (A)o' = (-A^ - g, Ao + 1, . . . , A,_2 + 1, -Ag_i - 1) 
(A)i = i-Xq.i - g - 1, Ao + 1, . . . , Xq_2 + 1, -Xq) , (4.49) 

{X)k = { — Xq-K — g — AT, Aq + 1, . . . , Xq-K-l + 1, Xq-K+l-, ■ ■ ■ , Ag_l, —Xq) , K = 1, . . . ,q — 1 , 

(A)g-2 = (-A2 - 2g + 2, Ao + 1, Ai + 1, A3, . • • , A,_i, -A^) , 
(A)g-i = (-Ai - 2g + 1, Ao + 1, A2, . . . , Ag_i, -Xq). 

The structure of the generalized Verma modules with the highest weights fl4.49p is described 
by the following short exact sequences 

D(A)_,,, 2J(A)_, a(A)_, ; (4.50) 
^ ^!a), — ^(A)-,.. ^(A).,,, — ; (4.51) 

0(A)_,+, 2J(A)_,+, Zix)^,^, ; (4.52) 
^!a),_, ^(A)-,.. — 5(A)_,,. — ; (4.53) 



D(A)^+, 5J(A)^ ZiX)^ ^ , AT = -g, -g + 1, . . . , -2 , (4.54) 

^!a)_, ^ ^(A).,. ^ 5(A).,. ^ ; (4.55) 



D(A)_, 5J(A)_, ^ a(A)_. ^ ; (4.56) 
^l^^ — D(A)_, ^ a(A)_. ^ ; (4.57) 



^The fact that the homogeneous space SO{M + 2)/ISO{M) (g) 5*0(2) does not contain three cells of the 
equal dimension forbids appearance of subsubsingular modules |17|. 
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D(A)o — 5J(A)_, ^ a(A)_, , (4.58) 

Qj;,)^ ^ D(A)o ^ a(A)o © 5(A)o' ^ ; (4.59) 

^ix), — ^ 23(A), ;i(A)o ; (4.60) 

5(A), 23(A)„. 5(A)„' ; (4.61) 

5(A), — ^ 23(A), — ^ 5(A), ; (4.62) 

5(A)^+, 23(A)^ ^ 5(A)^ ^0, Ar = l,...,g-1; (4.63) 

^ 5(A), — 23(A),_, — 5(A),_, — ; (4.64) 

2J(A), 5(A), . (4.65) 



Here (A)g = (— Aq — 2g, Ai, . . . , Aq_i, — Ag), and all 5(a) are irreducible. Analogously to the 
odd dimensional case, ()4.65j] means that 23(a), = 5(a), is irreducible. From ()4.64j) it follows 
that 5(a), is the maximal submodule of 23(A)g_, and the quotient 5(a), is irreducible, which 
in its turn is the maximal submodule of 23(a),_2 and so on. Continuing the same way one 
finally arrives at 5(a)i = 23(a), /5(a)2 (j4.62|l . The structure of the modules 23(a),, • • • , 23(a), _, 
is analogous to that of the odd dimensional case. 

The modules 23(a)o and 23(a)o' have the common maximal submodule 5(a)i (see ()4.60|) . 
(j4.6ip ) and the quotients 5(a)o = 23(a)o/5(a), and 5(a)o' = 23(a)o'/5(a)i are irreducible. The 
module 23(a)_i has the most comphcated structure of submodules. Equation ()4.59|1 describes 
the structure of the maximal submodule 0(a)o of 23(a)„,. The appearance of the contragredi- 
ent module 23^;^^^ in ()4.59|) means that the maximal submodule of 23(a)_, cannot be generated 
from singular modules because the module contragredient to a generalized Verma module is 
not (unless it is irreducible) a highest-weight module and therefore 23(a)_, contains a subsin- 
gular module. Analogously the modules 23(a)_2 • • • 23(a)_,+, contain singular and subsingular 
modules as described by ()4.561 l^37j) - ()4.521 14.53p . Finally, the module 23(a)_, contains the 
submodule 23^^^^ but in this case subsingular modules do not appear because 23^;^^^ is iso- 
morphic to 23(A), = 5(a),, and therefore the maximal submodule of 23(a)_, is generated from 
singular modules. 
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Let yUi > ■ • • > /iq-i > l/igl and 2/ii = • ■ ■ = 2yUq mod 2. The second series of reducible 
generalized Verma o(M + 2) modules with even M contains the modules with the singular 
highest weights (/i) = (/io, /ii, . . . , /ig) such that 

/^o = A^Af ~ ^ for some = 1, . . . , g , 

(4.66) 

yUo + Ai<? + g e No , 
yWo - Atg + <? e No . 

The structure of 2J(^) is described by the short exact sequence 

23(^) , (4.67) 

where (/i)' = (-/^o - 2g, /xi, . . . , yUg_i, -/ig) and = 5J(^)/Q3(^)' is irreducible. 

4.5. Cohomology of Irreducible o(M + 2)-Modules. Any irreducible o(M + 2)-module 
:3(A) with the highest weight (A) integrable with respect to the parabolic subalgebra iso(M)© 
o(2) is a quotient of an appropriate generalized Verma o(M + 2)-module 23(a). (Recall that 
(A) is required to satisfy ()4.4|) - ()4.6|) .) In this section we show that once the structure of all 
generalized Verma modules is known, one can calculate iJ^(t(M), ^(a)) (i.e. the cohomology 
of t(M) with coefficients in ■J(a)) for any p and irreducible ^(a). Recall that t(M) is the 
subalgebra of o(M + 2) generated by the momenta "P". 
Let us start with the following Lemma. 

Lemma 4.1. Let 23(a) be the generalized Verma o{M + 2) -module induced from OT(a). Then 

i/°(t(M),23\A))=^(A), (4.68) 
iJ^'(t(M), 23\a)) = forp=l,.... (4.69) 

Proof. From (jOn|l it follows that a_ = (see ^J^) for any 23\a)- Equations 

and ()4.69|) follow from the standard Poincare Lemma. ■ 

The following two Theorems describe the (T_ cohomology ifP(t(M), 5(a)) with coefficients 
in 5(A). Recall that any 5(a) is a quotient of the generalized Verma module 23(a) induced 
from D^(A) as described in Sec. 14.21 

Theorem 4.2. Let M be odd 

1. If^(x) is irreducible then 

/70(t(M),5(A))=^(A), (4.70) 
/7^'(t(M),5(A)) = 0, p=l,2,.... (4.71) 
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2. If^(^x^ is reducible and (A) = {X)n (N = 0, . . . ,2gj belongs to the series (14.411) then 

HP{tiM),dixu) = ^{AU^ , p = 0, . . . , 2g + 1 - iV , (4.72) 

^f^'(t(M),a(A)^) =0, p = 2q + 2-N,... . (4.73) 

3. //QJ(A) is reducible and (A) = (/x) belongs to the series fl4.46|) then 

//°(t(M),5(^)) = Dl(,), (4.74) 
H\t{M),Zi,)) = m^^y, (4.75) 
H^HiM),Zi,)) = 0, p = 2,.... (4.76) 

Proof. Itemnfollows from Lemma l^!T] and the observation that ^(\) is isomorphic to ^\\) 
whenever Q3(a) is irreducible. 

Items 121 and El follow from Lemma 14.11 and long cohomological sequences corresponding to 
short exact sequences contragredient to ()4.42|) - ()4.45|) and ()4.47|) . ■ 

Theorem 4.3. Let M be even 

1. IfOJi^x) is irreducible then 

i/°(t(M),a(A))=^(A), (4.77) 
/7^'(t(M),a(A)) = 0, p=l,2,.... (4.78) 

2. // 2J(A) is reducible and (A) = {\)n (N = —q, — g + 1, . . . , —1, 0, 0', . • • , q) belongs to 
the series ()4.49j) then 

i/°(t(M), 5(A),) = DT(A), , iV = -g, -g + 1, . . . , -1, 0, 0', 1, . . . , g , (4.79) 

i/^(t(M),5(A),) = ^(A)^^,©^(A)^_,, p=l,..., iV = -g + l,-g + 2,...-l, (4.80) 

HP{i{M),Z(x)^) = ^(AW ' P = 1, • • • , iV = -g, 0, 0', 1, 2, . . . g , (4.81) 

where 

^(A)^ = ^(A)^ for iV = -g, -g + 1, . . . , g and iV ^ , 

^(A)o =^(A)o©^(A)o', (4.82) 

^(A), =0 for iV = g + 1, . . . , 

and p + = p + 0' = p. 

3. If^(x) is reducible and (A) = (/i) belongs to the series ()4.67|) then 

if°(t(M),5M) = 01(^), (4.83) 
iJi(t(M),5(;.)) = 0^(,)', (4.84) 
i/^'(t(M),a(^)) = 0, p = 2,.... (4.85) 
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Proof. Item 1 is analogous to that of Theorem 14.21 

Let us prove item 2. For the module ■3(a)_, there exists the BGG resolution 

^!a). ^ ■ . . ^ ^ (4.86) 

and for the modules ■J{a)jv ^^t N = 0,0',1, . . .q there exist the resolutions 

5(A), — ^U^^^ — ... — ^0 iV = 0, 0', 1, 2, . . . g . (4.87) 

The standard spectral sequence technique together with the definition of if°(t(M),«) as 
invariants of t(M) allows us to calculate the cohomology of the irreducible modules for = 
—q, 0, 0', 1,2, ... ,q. Using these we have 

i7°(t(M), ^(A),) = ^(A), for N = -q,-q + l,..., -1, 0, 0', 1, 2, . . . , g , (4.88) 

HP{t{M),ZwJ = ^(A),+, for p = 1, . . . , iV = -g, 0, 0', 1, 2, . . . , g . (4.89) 

This proves ()4.79j) and 1)4.811) . In order to prove ()4.8()j) we consider the short exact sequences 
contragredient to ()4.50|1 - ()4.59|1 

— 5(A). — Ol^^^^ ^ , (4.90) 

5(A).,, D;,)^^^ ^ Q3(A)_. , (4.91) 

where = -g, -g + 1, . . . , -1 and 5(a)^ = 5(a). for 7^ and 5(a)o = 5(a)o © ^(a),,,- The 
long cohomological exact sequence corresponding to ()4.90|) gives 

H^mi^l^^J = i/^+i(t(M),5(A)J. (4.92) 
Then substituting this into the long cohomological exact sequence corresponding to ()4.9ip 

...'-^ i/^(t(M),5(A).,J ^ H^m),Dl^^J A ff^(t(M),2J(A).J ^ (4.93) 

^ i7^+i(t(M),5(A).,J ^ H^^\i{M),Dl^^J C /7^+i(t(M),Q3(,)_J C . . . 
we obtain the long exact sequence 

. . . C iJ^(t(M),5(A).,J ^ H^^\t{M),Zixu) A if^(t(M),2J(A)_J ^ (4.94) 

^ //^+^(t(M),5(A).,J ^ i/^+^(t(M),5(A)J ^ i/^+^(t(M),Q3(,)_J C ... 

Using ()4.89p . ()4.88p and short exact sequences ()4.60p - ()4.65p we calculate the cohomology of 
the generalized Verma modules ^^(a). for = 0, 0', 1, 2, . . . , g 

/7°(t(M), 5J(A),) =^(A). © ^(A).+, for AT = 0, 0', 1, 2, . . . , g , (4.95) 
HP{i{M), 5J(A).) =^(A).+, © ^(A).+,+i for p = 1, . . ., AT = 0, 0', 1, 2, . . . , g. (4.96) 
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Substituting this into (j4.94j) we have 

. . . ^ iJnt(M),5(A).,J — i/^+^(t(Af),5(A) J ^ ^(A)..,, © ^(A)-.,,+i ^ (4.97) 

^ if^+^(t(M),5(,),,J iJ^+2(t(M),5(A) J ^ ^(A)_.,,,, © ^(A)_.,,,. ^ . . . 

whence we can obtain the following recurrent relation between cohomology 

//i(t(M),5(A)^) = if°(t(M),5(A)^^.J © Im /° for AT = -g, -g + 1, . . . , -1 

(4.98) 

iJ^(t(M),5(A)J = {H^-\tiM),Zw,^,)/\vng^^-') © Im/r' (4.99) 

for = —q, — g + 1, . . . , — 1 and p >2. 

These relations interpolate between HP{t{M),Z{\)_g) and HP{t{M),^(^x)o) calculated above. 
This allows us to calculate 

lm/^ = ^(A)_,,,,, (4.100) 
lm^7^ = ^(A)_,^,. (4.101) 

Then we have 

ifi(t(M),5(A)^) = i/°(t(M),5(AwJ © ^(A)_^+i for iV = -g, -g + 1, . . . , -1 

(4.102) 

ifP(t(M),5(A),) = (if^-^(t(M),5(A),+J/^(A)_,^,_J © ^(A)_,+, (4.103) 

for N = — g, — g + 1, . . . , — 1 and p > 2. 

Finally these recurrent relations give ()4.80p . 
Item 3 is analogous to that of Theorem 



According to Sec. 14.4.^ items 2 and 3 in Theorems 14.21 and 14.31 describe all reducible 5J(a). 
Let us summarize the results for i7°(t(M), :3(a)) and H^{t{M),Z{x)), which are most im- 
portant for this paper: 

i/0(t(M),;j(A))=Dl(A), (4.104) 

H\t{M),Zix)) = if ;|(A) ~ 23(A) , (4.105) 

H\i{M),2ix)) = ^(M)' if (A) = (yu) from ^M) or , (4-106) 

H\t{M),Z(^X)^)=m^x)^^, if M = 2g + 1, Ar = 0,...,2gand (A)^ belongs to gUD, 

(4.107) 

or if M = 2g, A^ = -g, 1, . . . , g - 1 and (A) n belongs to . 
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In addition, for M = 2q 

H\tiM),Zw,) = H\tiM),Zix)o') = ^(A), , (4.108) 

H\t{M),ZiX)^,) = ^(A)o © ^(A)o' © ^(A). , (4.109) 

i/i(t(M),a(A)^) = ^(AW, © ^(A)_^+i if (A)^ with iV = -2, . . . , -g + 1 (4.110) 

belongs to piT^ . 

Remark 4.4. For any irreducible module Z{x), H^{K^)j-^w) is equal to the direct sum 
of those singular and subsingular modules of the generalized Verma module 23(a), that are 
not descendants of some other singular module in 5J(a). This property is expected because, 
as one can see from the examples in sections El 14.71 both H^{t{M),Z(x)) and singular and 
subsingular modules determine the structure of differential equations on the dynamical fields. 

4.6. Examples of Calculating Cohomology of Reducible o(M + 2)-Modules. Using 
Theorems 14.21 and 14.31 one can easily calculate ifP(t(M), 971) for any integrable module 9Jl. 
Let (£^^^^2 be the first extension of the irreducible modules 3i, J2 given by the nonsplittable 
short exact sequence 

^ ai ^ ^32^0. (4.111) 

From the long exact sequence for cohomology 

H\t{M), 3,) ^ H%t{M), H%t{M), ^2) — ^ H\t{M), 3^) ^ ■ ■ ■ , 

(4.112) 

where HP{t{M),3i) and HP{t{M),32) are given by Theorems 14.21 and 14. 3^ one obtains 
i/P(t(M),£,,,aJ. 

Using Theorem 14.21 it is not hard to see that in the case M = 2g + 1 any extension 
of an irreducible conformal module is isomorphic to a contragredient generalized Verma 
module. This means that any odd dimensional conformal system of equations is either 
primitive or decomposes into independent primitive subsystems. We therefore focus on the 
even dimensional case. 

As an example, let us calculate cohomology of the module (Sa,f which corresponds to the 
case of M = 4 electrodynamics considered in section EH The module ^a,f is defined by the 
short exact sequence 

0^3a^ ^a,f ^^f^O, (4.113) 

where 3a = ■3(a)_i and = 5(a)o © 5(A)(y belong to the series ()4.49|1 that starts from the 
dominant highest weight (A)_2 = (0,0,0), M = 2g = 4. From Theorem 14.31 we obtain the 
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long exact cohomology sequence 

^(A)„ © ^(A)o, © ^(A)2 ^ H\i{M), ^a,f) ^ ^(A)i © ^(A)x ^ ^(A)i © ^(A)3 ^ • • • 

(4.114) 

whence 

H\i{M), <Ia,f) = ^(A)_, , H\i{M), ^a,f) = ^(A), © ^(A), . (4.115) 
As a generalization of ()4.113|) let us consider the module (£3^^^ iv'^(^) jv+i t)y the 

short exact sequence 

— > J(A)_^ — > 5(A)_^+, , (4.116) 

where {X)^n and (A)_Af+i with = 1, . . . , g — 1 belong to ()4.49j) . J(A)iv = '^{\)n for 7^ 
and U(A)o = 2^(A)o © ^(A)(,, • Cohomology of (Sa^^^ ^,3(a) calculated from 

- OT(A)_, - i^°(t(M), - ^(a)_.+, - ^(a)_.+, © OT(a),^, - 

i/^(t(M), ^ ^(A)_,^, © ^(A), - ^(A)_,^., © ^(A)^+, - . . . , (4.117) 

where OT(a)^ is defined in ()4.82p . From ()4.117|) we have that 

H\i{M), = ^(a)_, , H\i{M\ ^o,,,_^,3,.,_,J = ^(a), © ^(a),,, • 

(4.118) 

Equations corresponding to €3^^^ ^r'^(A) ^v+i considered for A^ = 1 in subsection 14.7.21 
and for A^ = g — 1 in subsection 14.7.31 An important general property of the dynamical 
systems associated with the module ^3^^^ ]v'^(a) jv+i fj4.116p is that the Lorentz algebra 
representations of the dynamical fields and dynamical equations are isomorphic while the 
sum of their conformal dimensions is 2q which is the canonical dimension of a Lagrangian 
density. We therefore expect that all these dynamical systems are Lagrangian. 

4.7. Conformal Equations. Now it is straightforward to write down conformal equations 
Rs!jt|0°(a;)) = corresponding to any conformal module 3Jl. First, one represents OJl as an 
extension of irreducible conformal modules. Then (as explained in section 14. 6|) the results of 
Theorem 14.21 ffor odd M) and Theorem 14.31 ffor even M) are used to calculate H^{t{M), 9Jl) 
and {t{M) , DJl) . Finally, along the lines of the proof of Theorem 13. II one expresses aux- 
iliary fields contained in |$*^(x)) (see Remark I3.4|l in terms of derivatives of the dynamical 
field (a;)) and reconstructs the nontrivial equations Rm\<P^{x)) = on the latter. These 
equations are associated with i/^(t(M), 3Jl). In practice, it is most useful to use Remark lOl 
which identifies the left hand sides of the field equations with the singular and subsingular 
modules of 2J(a). In those cases where 5J(a) does not contain modules of the Levi factor Iji 
equivalent to (but different from) the singular and subsingular modules, the explicit form of 
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conformal equations corresponding to the irreducible conformal module ^(a) can be obtained 
by replacing /C„ by in the expressions for a basis of the singular and subsingular modules. 

The examples given in section |21 and in the rest of this section result from the application 
of this general scheme to the following modules (here 3 denotes an irreducible module and 
(B denotes an extension). 



1- ^((2-M)/2,o,...,o) corresponds to Klein-Gordon equation ()2.16p (primitive) 

2. 3((i_M)/2,i/2,...,i/2) corresponds to Dirac equation ()2.2Hj) (primitive) 

3. 3f(_p,i,...,i,o,...,o) for odd M or for even M and p = corresponds to closedness equation 

p 

f|2.29|) on a p-form or equivalent conservation equation ()2.32|) on a (M — p)-polyvector 

(primitive); 

for even M and p > 0, 2J(-p,i,...,i,o,...,o) corresponds to the system ()2.29|1 . ()2.34|1 on a 

p 

p-form or the equivalent system ()2.32|) . ()2.35p on a (M — p)-polyvector (primitive) 

4. 3f(p_A/,i,...,i,o,...,o) P > corresponds to conservation equation ()2.32p on a p-polyvector 

p 

or the equivalent closedness equation ()2.29p on a (M — p)-form (primitive) 

5. 3f(M/2,i,...,i,±i) for even M corresponds to (anti)selfduality equation (|2.37p . (|2.38p (prim- 
itive) 

6- 3f(_2,i,i) ffi3f{-2,i,-i) corresponds to the field strength form of Maxwell equations ()2.52|) . 
fl2.53|l (non-primitive) 

7. corresponds to the potential form of Maxwell equations ()2.52j) . ()2.53|1 . ()2.54j) in 
conformal gauge ()2.45|) (non-primitive) 

8- ^A,F,j corresponds to the off-mass-shell version of Maxwell electrodynamics ()2.52|) . 
(EMI), (ESDI), in conformal gauge (ITlHll (non-primitive) 

9. ^A,F,j,G corresponds to the off- mass-shell gauge invariant version of Maxwell electro- 
dynamics (Em, (ESU), (imni) . (jIMIl (non-primitive) 

10. 3((2_M)/2,A,...,A,o,...,o) for odd M or for even M with either z/<g — 2orz/ = g, A = l 

corresponds to Klein-Gordon-like equation (|4.122|) on a tensor field described by the 
A X //-rectangular Young tableau (primitive) 

11. 3f((i-M)/2,A+i/2,...,A+i/2,i/2,...,±i/2) for odd M or for even M with z/ < q — 1 corresponds to 

Dirac-like equation ()4.129p on a spinor-tensor field described by the A x i/-rect angular 
Young tableau (primitive) 

12. .^(A)^ = 3f(A)+ ffi -^(A)- for even M corresponds to the field strength form of conformal 
higher spin equations ()4.135|) . ()4.136|) (non-primitive) 
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13. ^3f^^~^^,si^x)p even M corresponds to the gauge fixed potential form of conformal 
higher spin equations (14.1 3511 . (I4.i;ffijl . (14. 14411 . (I4.145|) (non-primitive) 

14. (B2^^^^^si^x)p,^(x)j even M corresponds to the gauge fixed off-mass-shell version of con- 
formal higher spin equations (j4.135jl . (j4.144jl . (j4.145|l . (|4.15(jp . (|4.15H1 (non-primitive) 

15. for even M corresponds to the gauge invariant off-mass-shell ver- 
sion of conformal higher spin equations ()4.135|1 . ()4.144j) . ()4.150jl . ()4.15H) . ()4.154|1 . 
(|4.155|1 (non-primitive) 

16. 3c for even M corresponds to the condition that the generalized Weyl tensor for spin 
A > 1/2 symmetric tensor field equals to zero ()4.156p supplemented with the gauge 
fixing condition ()4.157|) (primitive) 

17. ^0c,'3w fo^ even M corresponds to gauge fixed spin A > 1/2 Fradkin-Tseytlin conformal 
higher spin equation ()4.157|1 . ()4.159|) . ()4.162|) (non-primitive) 

18. ^a^, 

^w,^G fo^ even M corresponds to gauge invariant spin A > 1/2 Fradkin Tseytlin 
conformal higher spin equation ()4.159|1 . ()4.1fi2|l ()4.1fi4j) (non-primitive) 

Note that flat limits of the most non-fiat conformal equations considered in pn].|32j-[^ 
belong to the case 10. The system of conformal equations considered in [2^1 corresponds to 
the case 8. 



4.7.1. Conformal Klein-Gordon and Dirac-like equations for a block. Let (A) = (— (M — 
2)/2, A, . . . , A, 0, . . . , 0), A G N, and ^(a) be the irreducible conformal module with the highest 

u 

weight (A). It is represented by the short exact sequence ()4.47|) for odd M and by ()4.67p 
for even M. Let us consider the bundle B(^x) = ^ ■?(a) and its subbundle B(^x) ^ ^(a) = 
X 91(A). Consider a section 

|0(X)) = aHA),n^(A),...,n^(A)(x)|(A))"'W'"'W'--"''W (4.119) 

of b(A) and a section |$(x)) of i3(A) such that, \^{x)) = \(f){x)), 



3(A) 



^i^)) = Y.l^r.Hx),nHx),...,n^W^^^^^^ (4.120) 



=0 I 



Here \[X))"H^WW,-,n-'W form a basis of D1(a) . The symmetry properties of |(A))"'(^)'"'W' -'""'W 
imply that symmetrization over any A + 1 indices gives zero. The corresponding Young 
tableau is a rectangle of length A and height u and is referred to as a block. Note that fields 
that appear in most of physical applications belong to this class. 

As shown in section 121 the covariant constancy equation ()3.27|1 encodes the differential 
equations on the dynamical variables that take values in if°(t(M), ^(a)). The form of these 
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differential equations is determined by H^{i{M),Z{X))- Tliese coliomology groups are deter- 
mined in ()4.104|) and ()4.106|) . Using tlie symmetry properties of tlie block Young tableau 
it can be easily seen that H^{t{M),Z(x)) corresponds to the singular module ©(a) of QJ(a) 
described by the block tableau with the conformal weight M/2 + 1, i.e. it has the weights 
(A) = (— (M + 2)/2, A, . . . , A, 0, . . . , 0). It is easy to see that \s) G (5(a) has the form 

u 

\S) = (y-^y^^e - ^X^^^^y-^y') |A)nHA)....,n^(A-l). , (4.121) 

where ■?^'^^(a)v,"''{a) jg arbitrary parameter taking values in the X x u traceless block 
tableau. In fact, ■?/;'^^( a) a) ^g^j^ thought of as an arbitrary element of the dual space of 
if ^(t(M), 5(A)). The conformal equation associated with if^(t(M), 5(a)) is 

^nHA),...,n^(A) (^DC^, (a),...,„.(a) (o;) - ^^^a„.<9"^C„i(A),...,„.(A-l)„^ (x)) = . (4.122) 

This is the Klein-Gordon type conformal equation for a field with the block symmetry 
properties and conformal weight M/2 — 1. 

Note that for even M, ()4.66p requires either i/<g — 2orz/ = g, A = l. This is in 
accordance with our analysis because, although being conformally invariant, the equations 
(jm^ with u = q — 1, M = 2q are non-primitive (see section r4.7.2|) . Also one can see for 
even M and u = q, \ > 2 that the singular vector 1)4.1211) is zero^° and equation ()4.122|) 
becomes the identity = 0. 

For the particular cases ofz/=l, A = 0,l,2 equation ()4.122|) reads 

□C(x) = 0, (4.123) 
r(DCn{x) - ^dr^d^CUx)) =0, (4.124) 
^"^"^(□C„,„,(x) - ^A_a„^a-a.„.(x)) =0. (4.125) 

Equation ()4.123|) is the usual Klein-Gordon equation. Equation ()4.124|) for M = 4 corre- 
sponds to Maxwell electrodynamics formulated in terms of potential. Equation ()4.124|) for 
M 7^ 4 and equation ()4.125p correspond to non-unitary field-theoretical models. 
The Dirac-like equations are associated with the bundles b(A) and i3(A) with 

(A) = (-(M-l)/2,A + i,...,A + l,l,...,±l), AgN 



way to see this is to observe that for the case of v = q the tensor contracted with -0" (A) 
on the left hand side of (|4.121|) has opposite (anti)selfduaHty properties for the first and last columns of the 
corresponding rectangular Young tableau, that is only possible when it is zero. 
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= aHA),n^(A),...,n^(A),.(x)|(A))"'W'"'W'-'"''W'" (4.126) 

and 

l'^(^)) = E7f^«HA).n^(A),...,n^(A),a;m(0(a:)l/^"^---Z/"^^ | (^)^nMA),n^(A),...,n^(A),. ^ (4^127) 



1=0 I 



where |$(x)) = |0(x)). Here a = 1, . . . , 2[ 2 ] is a spinorial index. C„i(A),...,n''(A),a(a;) is a 7- 

b 

transversal block spinor-tensor with definite chirality. The cohomology groups H^{t{M),Z{x)) 
and H^{t{M),Z(x)) are given in ()4.104|) and ()4.1U6p . respectively. H^{t{M),Z{\)) corresponds 
to the singular module ©(a) in QJ(a) with the general element 

\s) = W'-'-'-W', (y-^Tn^^/^e - 2A -2u + M ^"'^"^^') l^)"nA),...,n^(A-i).,^ • (4-128) 

Here - is an arbitrary 7-transversal chiral spinor-tensor parameter taking values 

in the A x z/-block tableau. The conformal equation encoded by the covariant constancy 
equation (j3.27|) is 

r'^'^'•••'"''^'^'a(5'"7n^"/3C^nl(A),...,n^(A)A^) ' 2A -2u + ^ Tn-^/^g'^gnl (A),...,n-(A-1)„^,^ (x)) = 0. 

(4.129) 

This is the conformally invariant generalization of the Dirac equation to a block spinor- 
tensor with conformal weight (M — l)/2. For the particular cases of z/ = 1, A = 0, 1 we 
get 

d"'^m%C,^ix) = 0, (4.130) 

[d^7m%Cr,,f'{x) - ^^^^ pd'^C^,^ {x)) = . (4.131) 

Equation ()4.13()|1 is the usual Dirac equation. Note that conditions ()4.fj(ij) require u < q — 1 
for even M. Analogously to the case of Klein-Gordon type equations one can prove that 
singular vector ()4.128p is zero for even M, ly = q, and corresponding equation ()4.129p becomes 
identity = 0. 

Analogous conformally invariant generalizations of the Klein-Gordon and Dirac equations 
exist for tensor fields of other symmetry types. They correspond to other irreducible modules 
^(A) from the series ()4.47p for odd M and ()4.67|) for even M. All these systems however are 
not expected to correspond to unitary field-theoretical models in accordance with the general 
fact |ini ^1 Il2] that conformal field equations compatible with unitarity are exhausted by 
the massless equations for a scalar, a spinor and blocks of the height [(M — l)/2]. 
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4.7.2. Conformal higher spins in even dimensions. Here we describe a generalization of the 
equations for M = 4 massless higher spin fields to a broad class of conformal field equations 
for tensor fields in M = 2g dimensions (the following construction can be easily formulated 
also for spinor-tensor fields). Let (A)± = (— g, Ai, A2, . . . , Ag_i, ±1), where Aj G N and 
Ai > A2 > ■ • • > \q-i > 1. Let g = /Ui > > Ai3 > ■ ■ • > /Wp be the heights of 
the columns in the Young tableau corresponding to ^(a)±- (Note that the first column is 
required to have the maximal height q, while the second one is required to be smaller.) Let 
us denote .^(a)^ = © •'(a)-- Consider the bundle Bp = M.'^^ x ^(a)^. and its subbundle 
bp = M.'^'^ X (^(A)+ © ^(A)_)- Irreducible modules -5(a) + and 5(a) _ are defined by the short 
exact sequences fl4.60|) and ()4.6ip . respectively. Choose a section of bi? 

\M^)) = F„.[,],„.[,,],...,„.[,^](x)|(A)^)"^M''^^[^^l'-''^''['^^l , (4.132) 

where |(A)i?)"^['?l'"'^['^2],-,«''K] jg ^ basis in 0^(a)+ ©^(a) + , i-e. it contains both selfdual and 
antiselfdual parts. We treat \(f)p{x)) as a higher spin field strength. Let \^f{x)) be a section 
of Bp such that |$p'(x))|^^ = \(l)p{x)) 

l^Fix)) = J2 lKH,]M...,nn,,]Mi^^^^ ■ (4-133) 

1=0 ■ I 

As follows from ()4.1()4|1 and ()4.1()8|1 . the condition 

D\^p{x)) = (4.134) 

implies the equations 

r'[''-'l'"'[^^l'-'"'['^''l9"^Fwb-l],n2[M2],...,n.[Mp](a^) = , (4.136) 

where an arbitrary element ■?/;"M9-i]>"^[M2],...,n''K] Qf ^^j^g irreducible o(M)-module associated 
with the Young tableau with columns of heights q — l,fi2, ■ ■ ■ , fJ'p is introduced to avoid 
complicated projection operators. For the particular case of the block with /i2 = jUs = • • • = 
g — 1 these are equations of motion (formulated in terms of field strengths) for the conformal 
fields that respect unitarity |inillTlll2]- For q = 2 one recovers the usual equations of motion 
for massless fields in four dimensions formulated in terms of field strengths. For g = 3 the 
conformal massless higher spins of this type were discussed in [33] ■ 

The system fl4.135|l . ()4.136|1 admits extensions analogous to that of the system ()2.52|1 . 
()2.53|) . In particular, one can introduce potentials to the field strength -Fni[g],n2[^2],. -,n''K](^) 
in both gauge invariant and conformal gauge fixed forms. To this end we consider the 
nontrivial extension ^3^^-^ ,fi(^^^ of the module ^{X)p by the module 3(a)a where (A)^ = 
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(— g + 1, Ai, . . . , Xg-i, 0). €3|.^j^^.(^^j^ is defined by the short exact sequence 

Of(A). — <^3,,,,A^,, %). ^ . (4.137) 
The module fB^^^^^^j^^^^^ can be described as follows. Let |(A)^)"^[^"^]'"'^[^2],-,n*'[Mp] Iqq i]^q basis 
in ^(a)a- Impose the following relations 

^nM.-l],n^[M2],...,n.K]Z/n.|(A)F)^'""'[^-']'"'['^^l'-'"'['^''l = , (4.138) 
V'nM.-l],n^[^.],...,n.K]2/n.(*l(A)F)™"'t'^"'^'"'t^^l'--"''^^''l = , 

^nM.],n^[M.],...,n^Ml/"'l(A)^)"'''""'"''^'^'-'"'''^''' = > (4-139) 

^nM9-2],n2[^2-l],...,n^9-i[/.;,_^_^-l],n^9-l+l[;.^_^_^+l],...,nPK]?/VZ/ni " ' ' Vn^.-l (4.140) 

|^^^)^^ni[9-l],n^[M2],...,n*'K] _ g ^ (4.141) 

which single out the modules ^(\)p and ^^(a)^ > respectively. The nontrivial extension is defined 
by the condition 

(4.142) 

The module ^3^^^^,^^^^.^^ is generated by from |(A)^)"M9],n^[A'2],...,nPK] |(^^)^^nMq-i],n2[M2],...,nP[Mp]_ 

Consider the bundle Ba,f = x ea^^,^,^,^,^ . bp and = x are its subbundles. 
Consider a section |$^ p'(x)) of Ba,f 

1=0 ■ I 

Cohomology i/0(t(M), e,,,,^,^^,, J, ifi(t(M), J is given in gJT^ for iV = 1. 

Condition D|$p'^^(x)) = implies 

^W[,-i],„2[M2],...,nPM (^a^A„i[,_i],„2[^,],...,„.[^^](x) - i^^„i[,-i],„2[^,],...,„.[^^](a;)) = , (4.144) 

(4.145) 

together with (|4.135p and (|4.136|) . This extension introduces gauge potentials ^ni[g-i],n2[/x2],...,np[^jp](3^) 
to the field strength, along with the conformally invariant gauge condition ()4.145|) . 

Now we introduce the module ^3,^, s,,, 3,^, that extends (£3,,, e,,, by the module 
J(A)j, where (A)j = (— g — 1, Ai, . . . , Xq-i, 0). ^3(x)J^,^^x)p,^^\)J described by the short exact 
sequence 

— — ^(A). — . (4.146) 
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The module ga,^)^,^^^^)^,^,^)^ is generated by from |(A)^)"Mg],«'[M2],...,n''[Mp]^ |^^^^^ni[g-i],n2[M2],...,n' 
and |(A)j)"'[9-il'"'['^2],...,nnMp] satisfying conditions (glinHl)- (011121) along with 

7/; X ^ o-i 7/1 ■■■?/. |('\U\"M9-1]>»^[M2],.--,™''K] _ n 

^nl[g-2],n2[M2-l],...,n^<'-MA'A,_i-l],n^''-i+MMA,_i+i],...,nfK]y"' K^J j/ - U 

(4.147) 

and 

Wmn^q-l],n2[^,2],...,nP[^^p]y - " g V^mnl [q-l],n2[/,2],...,nf ^ K^Jf) 

(4.148) 

Consider a section \^a,f,j{x)) of the bundle R^^ x ^a(A)^,.S(A)^,3(A)j 
1=0 ■ I 

+ E lM.-M,.i...,nn,.^^^^^^^^ ■ (4-149) 



1=0 I 



Calculating the cohomology iJ^(t(M), (£3^^^^ j^^^^^ 3^^^^) from ()4.146|) one obtains that the 
condition D|$^jrj(x)) = implies equations (j4.135j) . (j4.144p . (j4.145p along with equations 

^nM.-l],n^[M2],...,nnMp] (S"' [,] ,„2 [^,],„„„.[^^] (x) - J„i [,-1] ,„2 (x)) = , (4.150) 



(4.151) 

For Ag_i = 1 (equivalents yU2 < g - 2) the system (I4.i;-i5l) . (14.1441) . (I4.15()|) . (I4.151|) 
generalizes the ordinary M = 4 electrodynamics to any even space-time dimension and 
arbitrary tensor structure of fields. Here ()4.144p defines the generalized field strength 
Fmn^[q-l],n^[^,2],...,nP[^lJ,]{x) via the generalized potential A„i[g_i]^„2[^2],...,nfK](a;)- Equation (l4.1H5j) 
is the Bianchi identity for generalized field strength. Equation ()4.15()p describes "interac- 
tion" with the "current" (see section |23j) Jni[g-i],n2[/^2]v,n''[Mp](^)' which conserves due to 
equation ()4.151|) . The system ()4.135|) . ()4.144p . ()4.150|) . ()4.151|) is gauge invariant under the 
generalized gradient transformations 

jn^[q~l],n^[^l2\,■■■,nP[^J.p]x A ,r i r , — ,/,'^M'3-l]."^[M2],-,n''[Mp] , ^ „ „, ,r i r ^( ^\ 

ip 0/l„i[q_i]^„2[^2],...,nP[/^p] l-tj — V '~'n^^n^[q-2\,■n?[^l2\,■■■,nP[^lp\\-^ ) 

(4.152) 

with an arbitrary parameter eni[g-2],n2[^2],...,„p[^p](x). Equation ()4.145jl fixes conformal gauge, 
generalizing equation ()2.45j) . 



Unfolded form of linear conformal equations in M-dimensions and ... 51 

Analogously to the example in section one can relax the gauge fixing condition (j4.145|) 
by considering the module '£3(A)^,-ff(A)^.3(A)j,3(A)c defined by the short exact sequence 

where {\)g = {—^q-i — Q ~ ^, ^1, ■ ■ ■ , \-2, 0, 0). The covariant constancy condition for the 
section \^a,f,j,g) implies equations ()4.135|) . ()4.144|) . ()4.150p . 1)4.1511) along with the equation 

^nH,-2W[,,l...,nn,,] - = (4.154) 

instead of (imHl) . The field G n^[q-l\,n^^[^i2\,■■■,np[^lp\{.x) Satisfies the equation 

(4.155) 

4.7.3. Fradkin-Tseytlin conformal higher spins in even dimensions. Consider highest weight 
(A)c = (A — 2, A, . . . , 0), Aj G N (the case of half-integer Aj can be considered analogously). 
Let 3f(A)c be irreducible conformal module with the highest weight {\)c- Using Theorems 13. II 
and 14.31 we obtain primitive conformal system corresponding to the module 3f(A)c- has the 
form 

^«W'-Wa^^^^^C„(;,)(x) = 0, (4.156) 

A 

^"(A-i)(5 . a)^+''-^9"C„(A)(x) = . (4.157) 

Here Cn(\){x) is a symmetric traceless tensor field, ip'^(-^^'"^W jg arbitrary traceless tensor 
parameter corresponding to the Ax 2-block Young tableaux, [d-d)^^''^^ is an order 2(A+g— 1) 
differential operator 

(9-9)"+^-lC„(A)(x) = Yl a{p,r)DPd(^n---dnd;;^_^CniX-r))mir) (4.158) 

p+r=A+ij-l ' r 

for some a{p, r). 

The left hand side of the equation ()4.156p can be interpreted as the generalized Weyl 
tensor for the field Cn(x){x) 

v^'^W'-w a;^^^^c„(A)(x) = ^"(')'"(')iy„(A)MA)(^) • (4.159) 

A 

It is gauge invariant under the gauge transformations 

^"^'^5C„(A)(x) = r^'^5ne„(A-i)(x) , (4.160) 

where e„(A_i)(a;) is a gauge parameter. Equation ()4.156|) sets Wn(x),m{X)ix) to zero and is 
dynamically trivial (i.e. describes pure gauge degrees of freedom). Equation ()4.157|1 is the 
conformal gauge condition for Cn(\){x). (Note that, as any covariant gauge condition, it is 
incomplete.) 
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A non-trivial dynamical system with nonzero Weyl tensor is non-primitive and results 
from the reducible module '£a(A)^,3(A)^ defined by the short exact sequence 

^(A)c — ^ ^c-f.jc.^w^ — ^ ^Ww , (4.161) 
where 3^(A)^v is the irreducible conformal module with the highest weight {X)w = (~2, A, A, 0, . . 
corresponding to the Weyl tensor Wn(x),m{x){x). Cohomology of ^0(^x)c^^Ww S^^^^ ()4.118j) 
for = g — 1. The module ^o^x)c'^Ww ^^^^ g^-uge fixing equation ()4.157p along 

with the definition of the Weyl tensor ()4.159|) and the equation 

r^^^D^'-^d2_;^W^^x),mix) = . (4.162) 

A 

This class of conformal equations was found by Fradkin and Tseytlin in 0^ along with the 
analogous equations for spinor-tensors for M = 4 and generalized to arbitrary even M = 2q 
in Hg. 

Gauge invariant form of the same system (i.e., without equation ()4.157|1 ) results from our 
construction applied to the module ^jf^^^^^j^^^^^j^^^^ defined by the short exact sequence 

Here Of(A)G is the irreducible conformal module with the highest weight (A)g = (—A — 2g + 
1, A — 1, 0, . . . , 0). Module ^3(x)c'^Ww'^Wg Sives rise to the system containing equations 
dHHni), (!4.162;) and the equation 

^nix-D^Q . 9)^+'?-i9"C„(A)(a;) = ^("-^^^^(a-i) , (4.164) 
which relaxes the gauge fixing equation ()4.157|1 . 

5. Conclusions 

In this paper we study a general framework, which allows us to classify and obtain the 
explicit form of all linear homogeneous fp_-invariant M-dimensional equations for an arbi- 
trary semi-simple Lie algebra f which has a parabolic subalgebra pjj with an M-dimensional 
Abelian radical These equations are written in the form of the covariant constancy 
conditions 

D|$P(x)) = (d + uJoix)W{x)) = . (5.1) 

Here the connection 1-form ujq{x) takes values in f and is fiat, i.e. (d + uJo{x)y=0. A 
particularly useful choice of the connection is ujq{x) = cr_, where cr_ takes values in radical 
tn and is x-independent, i.e., da- + cr^d = 0, cr^ = 0. The p-forms |$^(x)) take values in 
an f-module Tl that is required to be p^-integrable. We prove that ()5.1|1 leads to a linear 
homogeneous f-invariant equation 

Rmm^)) = (5.2) 
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on the set of dynamical fields that are elements of the p-th cohomology of (j_ (see 

Remark 13. 4|) . All other fields from the set are either pure gauge or auxiliary fields 

expressed in terms of derivatives of the dynamical fields. The form of equations ()5.2|) is 
determined by the p + 1-th cohomology of (T_. fp_-invariant equations (j5.2j) are classified 
by the modules Tl. This classification is complete because any equation can be unfolded to 
the form ()5.H) by introducing auxiliary fields. A constructive procedure is described, which 
allows one to obtain the explicit form of the fp_-invariant equation associated with DJl. In 
this paper, the proposed general construction is applied to obtain the complete classification 
of conformally invariant differential equations in terms of singular and subsingular modules 
of generalized Verma modules of the conformal algebra in M dimensions. 

The approach proposed in this paper can be further applied to several problems. The most 
straightforward application is to study free (i.e., linear) equations invariant under symmetries 
different from the usual conformal symmetry. A particularly interesting example is that of 
the symplectic algebra sp{m) which was shown [H] to be a proper extension of the usual 
conformal algebra, acting on the infinite systems of fields of higher spins. More examples 
of sp(m)-invariant equations were obtained recently in [IHl- It is also tempting to apply 
our approach to the study of M = 2 conformal systems starting with the related infinite- 
dimensional symmetries. 

Another interesting generalization to be studied consists in relaxing the requirement that 
the radical rjj is Abelian. In this case one can still formulate invariant equations in the form 
fl5.1|) . The resulting equations are not translationally invariant because ujq{x) is necessarily 
a:-dependent. Also it is not clear how to implement the analysis of the dynamical content of 
the invariant equations in terms of cohomology. Let us note that this case is not of a purely 
"academic" interest. An important class of equations of this type is provided by superfield 
equations for supersymmetric systems, which are known to contain an explicit dependence 
on anticommuting variables through the supercovariant derivatives. It is well known that 
it is sometimes difficult to distinguish between constraints and "true" field equations in 
superspace. As mentioned in the origin of this difficulty can be traced back to the 
absence of a distinct cr_ cohomology description. 

One of the most important problems is to go beyond the class of linear equations. A 
suggestive feature of our approach mentioned in section 12.41 is that it allows a natural def- 
inition of current modules. As a result, the interaction problem admits a reformulation in 
terms of the realization of current modules as tensor products (i.e., nonlinear combinations) 
of modules associated with matter fields. 

By analogy with higher spin theory, to put interacting theory in the framework of gravity 
with the gravitational field being one of the dynamical fields (i.e., not just a background one 
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as in this paper) it is important to extend the formahsm to (extensions of) field equations 
formulated in terms of differential p- forms with p > 0. Among other things, this requires 
clarifying the relationship between the dynamical equations formulated in terms of 0-forms 
as in this paper and those formulated in terms of higher differential forms (in particular, 
1-forms) as in higher spin gauge theory [Hlin]- In this respect Theorems 4.2, 4.3 in this paper 
and their generalizations to other Lie algebras to be worked out are likely to play the key 
role because they link together cohomology groups which determine dynamical fields and 
field equations in terms of various differential forms. 

Finally, it would be very instructive to make contact with other cohomological approaches 
such as developed e.g. in [211 HZl EH] ■ 
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Appendix A. Relevant facts from representation theory 

The structure of generalized Verma modules can be investigated using methods developed 
in [TTl UHl EDI inn Uni ED] • Let us first recall some notations. Let t) be the Cartan subalgebra 
and i)* is its dual space. Let simple roots be denoted ao, ai, . . . , aq and n consists of ai, 
. . . , ttg (see section O}. The Weyl group W'^'^^ is generated by reflections r^. = rj (0 < i < g) 
of [)* over the hyperplane orthogonal to the simple root 

r,A = A - 2-^^a, , (A.l) 

A G f)*. The action • A (nonlinear representation) of ly^"^-*^ in f)* is defined by the formula 

r„ . A = A - 2%±^a (A.2) 
[a, a) 

for any a, X E i)*. Here p is half of the sum of positive roots^^. Let be the subgroup 

of the Weyl group generated by simple reflections with 1 < i < q. Denote by Q the 



^^Note that this formula is universal: given linear representation of a group G in a linear space V and a 
fixed vector p G V, the transformations A ■ X — AX + {A — l)p for A G G and X E V define the (nonlinear) 
action of G in V^. 
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root lattice {Zoq + + ■ ■ ■ + Zog}- For any highest weight A, let VF^^"*"^ be the subgroup 
constituted by such elements w G that 

w-AgA + Q. (A.3) 

Let C W[^^ be the stability subgroup of A 

s ■ A = A , seSx. (A.4) 

Consider the quotient 

Tx = {w^ n w'^^^)\w'^^^/{W'' n Sx) . (A.5) 

Denote by L the set of highest weights of the form A = (Aq, Ai, A2, • • • \q) where (Ai, A2, • . . A^) 
is a dominant integral highest weight of Bg {Dq){i.e. Ai > A2 > • ■ ■ > Ag (Ai > A2 > ■ ■ ■ > 
|Ag|) and 2Aj are all even or odd simultaneously). For any equivalence class from Tx one can 
choose a representative t such that t ■ A G L whenever A G L. Let Tx G Tx denote the set of 
all such representatives. For any weight G L, the set of elements Tx generates the set of 
highest weights {t ■ i^}teTx ■ 

Elements t G Tx are ordered with respect to their length (t), where the length (t) is the 
number of the multipliers in the reduced (i.e. minimal) decomposition of t into a product 
of the elementary reflections generated by the simple roots. The reduced decomposition is 
unique. We write ti -< t2 whenever length (ti) < length (^2)- Note that such defined order 
is partial because any two elements with the same length can not be compared. The main 
point is that the generalized Verma module '^t2 u admits a nontrivial homomorphism into 
the generalized Verma module '^ti-u whenever ti -< t2 [SO]. Applying this general method to 
the conformal algebra one obtains the structure of singular modules in Q3a in the cases -Bq+i 
and -Dg+i, which was completely studied in |^ (see also |2H1 for a textbook). This 
exhausts the case of -B^+i. In the case of -Dg+i subsingular modules exist and their structure 
should be investigated separately. Let us sketch the final results separately for the cases 
Bq+i (i.e. M = 2g + 1) and Dq+i (i.e. M = 2q). 

Let M = 2g + 1. The Dynkin diagram of the algebra -B^+i is ()4.2|) . Choose an orthogonal 
basis Cj < 2 < g in P)*. Then 

ai = ei- ei+i , < i < q ~ 1 , aq = eq . (A. 6) 

Introduce the basis in f) dual to ej (i.e. ei{e^) = 51) 

e° = -I? , = C12 , = v^£2i-i,2i , K ^ < g - 1 , e« = ^/^C2q,2q+l • 

(A.7) 

Then 

Hi = - e^+^ , < z < g - 1 , Hq = 2e'' . (A.8) 
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Half the sum of all positive roots is in this case 

p = Y.{q-i + -)e,. (A.9) 

Recall that rj denote the simple reflections rj = = r^.-^.^^ for < i < g — 1 and 
rq = = r,^. 

In the case of dominant integral A the stability subgroup is trivial and the set 7^ consists 
of the following elements ^H] 

e -< ro -< rireo_e2 -< rir2r,^_^^ -< < rirg . . . rg_ir,o_,^ -< rirs . . . rg_irgr,g+^^ -< 

^ rira . . . rg_2r,^_,r,^+e,^, ^ < nr^^r.^^,^ ^ r,^r,^+,^ ^ r,, . (A.IO) 

Note that these elements are written in the non-reduced form, which, however, is more 
convenient for calculations. This gives rise to the diagram (jB.lll (see the end of the paper) 
of homomorphisms of modules 5Ja, where Aq > Ai > . . . > Ag > and 2Aj are either all even 
or all odd < i < q. Composition of any two homomorphisms (arrows) in the diagram is 
zero. 

For non-integral A, homomorphisms are associated with T\ = {e -< r^^}. In this case the 
parameters of the highest weight should satisfy 

Ao = -g-i + n, neN, A^gN, l<i<q, (A.U) 

or 

\o = -q + n, n e No, A^ G ^ + No , l<i<q. (A.12) 
This leads to the following diagram of homomorphisms 

2J(Ao,Ai,...,A,) 2J(_Ao-2g-l,Ai,...,A,) • (A. 13) 

For the case (IXTT|l / = 2n. For the case XKT2^ I = 2n + 1. 

Let M = 2q. The Dynkin diagram of the algebra -D^+i is M.lj) . Choose an orthogonal 
basis in ()*. Then 

ai = ei- ej+i ,0<i<g-l, = e^.i + . (A.14) 

The half of the sum of all positive roots is 

P = Y.iq-^)e^. (A.15) 

i=0 
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The analysis analogous to that of the odd dimensional case gives that Tx with a dominant 
integral A consists of the following elements 



e ^ ro ^ ^i^eo-ea -< rir2reo-e-j, -< < rir2 • • • rg_2r,o_,^_^ -< 

-< -< rirs . . . rg_irgr,o+ -< 

rirs . . . rg_2rgr,o+,^ 

^ rirs . . . rg_3r,^_2-.,r,^_2+,^r,,+,^_2 -< rira . . . rg_4r,^_3_,^r,^_3+,^r,,+,^_3 ^ < 

The diagram of 5JA-homomorphisms is ()B.2jl (see the end of the paper), where Aq > Ai > 
■ ■ ■ > |Aq| and 2Aj are either all even or all odd < i < q. Here, the composition of any two 
homomorphisms, except for those in the central rhombus and those that are labeled by NS, 
is zero. There exist also q — 1 nonstandard homomorphisms (they are labeled by the 
symbol NS in the diagram ()B.2|) ) between modules in this diagram that correspond to the 
element r^o_e^r,o+,^ from Tx 

(r,(, _ Eg r^f, ,2Ajv -2Af +27) 

2J(Ajv-Af,Ao+l,Ai+l,...,Ajv_i+l,Ajv+i,...,Ag) ^ 53(_AAr+Ar-2g,Ao+l,Ai+l,...,Ajv-i+l,AAr+i,...,-Ag) 

(A.17) 

for^^ < iV < g - 1. 

There are also nonstandard homomorphisms in the case when A is singular i.e. A + p lies 
on a wall of the Weyl chamber. Then Tx = {e -< r^Q_^^r^g^^^} and the parameters of the 
highest weight satisfy the following relations 

Ao-Aiv + A^ = for some = 1,2,. . (A.18) 
Ao + Ag + g = n G No, (A.19) 
Ao-Ag + g = mGNo andm + ^T^O. (A.20) 

Here ()A.18|) is the condition that the highest weight is singular and ()A.19|1 . ()A.20|) are 
conditions that r^^^^^^r^^^+^^X belongs to the weight lattice. These homomorphisms are 

5J(Ao,Ai,A2,...,A,) < 5J(_Ao-2g,Ai,A2,... -A,) • (A.21) 

The quotient of an arbitrary generalized Verma module QJa over the submodule ^(a) gen- 
erated from all singular submodules of QJa is not necessarily irreducible. In fact, the module 
2Ja can have subsingular submodules (those that are singular in 5Ja/^{a)), subsubsingular 
submodules etc.. . . In the conformal algebra case subsubsingular submodules do not appear. 

To describe the structure of QJa for the highest weight (A) belonging to series ()4.49|) we 
start with the case of (A)_g = (0, 0, . . . , 0). All other cases can be obtained from this one by 



^^For N = q — 1, this homomorphism amounts to the composition of the homomorphisms that constitute 
the rhombus. 
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application of the shift functor [T2j to modules belonging to the case (A)_q = (0, 0, . . . , 0). 
So let us consider the case 

(A)_, = (0,0,...,0), 
(A)_,+i = (-l,l,0,...,0), 

(A)_,+^ = (-AT, 0, . . . , 0) , iV = 0, . . . , g - 1 , 

N 

(A)-i = (-g + l,l,...,l,0), 

(A)o = (-g,l,...,l), (A)o' = (-g,l,...,l,-l), 

(A)i = (-g-l,l,...,l,0), (A.22) 
(A)x = i-q - K, 0, . . . , 0) , K = l,...,q-1, 

q-K 

(A),_2 = (-2g + 2,l,l,0,...,0), 
(A),_i = (-2g + l,l,0,...,0), 
(A), = (-2g,0,...,0). 

The structure of generalized Verma modules with these highest weights can be elaborated 
by the direct calculation. Solving explicitly the system of equations 

VnFA{yn\WN)^ = (A.23) 

for the polynomials F^ly"^), where P„ are differential operators ()4.27|) we obtain that the 
module ^(x)^^ contains singular vectors 



1 \m „,m 



(A)- 



ynW^q), (A.24) 



shJ = {y'mxU). (A.25) 



The modules for TV = — g + 1, . . . , — 1 contain singular vectors 

\m\N^ 



l^(A)J"^''^''^ = iy'r'^lWNr^''^'^ - (iv + g)(2/^)-^-^2/ni/t"^|(A);v)*'^-^" (A.27) 

and subsingular vectors 

|s«fo(,),>™[^+«-il = (2/2)-V|(A)^)"'"["+''-^l . (A.28) 
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The modules ^(x)^^ for = 0, 0', 1, . . . , g — 1 contain singular vectors 

hxu}"'^'-''-'^ = 2/™|(A)^)^'"[''-^l . (A.29) 

The completeness of this list of singular and subsingular modules follows from the theory 
intersection cohomology sheaves jl8j . 
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Appendix B. Homomorphism diagrams 



(A)o 



5J, 



(Ao,Al,A2,.--,Aq) 

(''eo-ei.-^O-Al+l) 



5Jr 



(A)i - 5J(Ai-l,Ao+l,A2,...,Aq) 



,Ai-A2+l) 



2J, 



(A;,?— Ar,Ao+l,Al+l,...,A;,;_l+l,Ajv+l,.--,Aq) 



(reO-eAT+l > -^JV-Ajv+1 + 1) 



(A)Ar+i — 2J(Ajv+i-Ar-l,Ao+l,Ai+l,...,AAr+l,Ajv+2,-,Ag) 

('■«o-«Ar+2' Ajv+i-AAr+2+1) 



(»'eo-£9> Aq_l-Aq + 1) 



- ^(A5-g,Ao+l,Ai+l,...,A,-i+l) 



(r-,o,2A,+l) 



9Jr 



(A)q+i — ^(-Ag-q-l,Ao+l,Ai+l,-,Aq-i+l) 



{^eo+«9' Ag-i-Ag+l) 



(B.l) 



{^eO+« JV+1 ' Aat-Aat+i +1) 

2J(-AAr+Ar-2qr-l,Ao+l,Ai+l,...,Ajv_i+l,AM+i,...,Ag) 
(''eo+«jv' Ajv-i— Ajv+1) 

^(-Ajv-i+Af-2<7-2,Ao+l,Ai+l,...,Ajv-2+l,Ajv,-,Aq) 

(reo+€i, Ao-Ai+1) 
V)2<i+i = ^{-Ao-2q-l,Ai,A2,...,Aq) 

The label (r, I) at a homomorphism arrow has the following meaning, r denotes the reflection 
that connects highest weights of the two modules. / is the level at which a singular module 
resulting from the arrow homomorphism is situated. 



(A) 



2q+\-N 



(A) 



2q + 2-JV 
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9?(A)_, = 5J(Ao,Ai,A2,...,A,) 



(reQ-ej,Ao-Al + l) 



^(A)_5+i - ®(Ai-l,Ao+l,A2,...,A,) 



(reo-e2-Al-A2 + l) 



2J(A)_q+jv — ^(Ajv-iV,Ao+l,Ai+l,...,Ajv-i+l,Ajv+i,-,A9) 
2J(A)_q+jv+i = ^(Ajv+i-Af-l,Ao+l,Ai+l,...,Ajv-i+l,Aiv+l,Ajv+2,-,Aq) 



{'■€o-eq_2, Aq-3-Ag-2+l) 

9J(A)_2 = 2J(Aq_2-?+2,Ao+l,Ai+l,...,A,_3+l,A,_i,A 



{'■€o-eq_l ; Aq-2-A5-l+l) 



5JrA^ , = 2J 



(A)_i — ^(Aq_i-g+l,Ao+l,Ai+l,...,A5_2+l,Aq) 

(''eo-eq, Aq-l-Aq+1)^/^ ^^^C^eO+eq , Ag- 1 +A5+I) 

5J(Ag-q,Ao+l,Ai+l,...,Ag_2+l,Aq_i+l) 9J(A)o,= 5J(-Aq-g,Ao+l,Ai+l,...,Aq_2+l -A<,_i-1) 
2J(A)i = 2J(_Ag_i_g_i,Ao+l,Ai+l,...,A,_2+l -A,) 

{r€0+€g_i, Aq_2-Aq_l + 1) 




^(A)2 - ^(-Aq-2-g-2,Ao + l,Al + l,...,A,-3 + l,Aq-l -Aq) 

{reo+€g_2 , Aq-3-Aq-2 + l) 



(^eo+n''^o~'^i+l) 



-^(-Ao-2g,Ai,...,A,_i -A,) 

The label (r, Z) at a homomorphism arrow has the following meaning, r denotes the 
reflection that connects highest weights of the two modules. I is the level at which a singular 
module resulting from the arrow homomorphism is situated. 
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